
D- È̂ THI OLYPIC TOÁN 1993

VÒNG 1

Thò.i gian làm bài: 180 phút

Câu 1. a) T̀ım tất ca’ các ma trâ.n thu
.
. c X =

w
x y
z t

W
sao cho: X2 =

w
1 0
0 1

W
.

b) Cho 2n số nguyên a1, . . . , an; b1, . . . , bn thoa’ mãn d̄iè̂u kiê.n a1b1 + . . .+ anbn = 0. D- ă. t:

A =


1 + a1b1 a1b2 . . . a1bn
a2b1 1 + a2b2 . . . a2bn
...

...
. . .

...
anb1 anb2 . . . 1 + anbn


T́ınh |detA|

Câu 2. a) D- ă. t f(x) = max
F
a2arctgx;

x

x2 + 1

k
x ∈ R.

T̀ım mô.t nguyên hàm cu’a f(x) trên R.

b) T́ınh t́ıch phân I =

π
28
0

dx

1 + (tgx)
√
2

Câu 3. a) Cho hàm số f(x) xác d̄i.nh và có d̄a.o hàm bâ.c hai không d̄ò̂ng nhất bà̆ng không
trên bất kỳ d̄oa.n nào cu’a R. Biết rà̆ng d̄ò̂ thi. y = f(x) cắt d̄u

.̀o.ng thă’ ng ax + by + c = 0 ta. i
ba d̄iê’m phân biê.t. Chú

.ng minh rà̆ng tò̂n ta. i x0 ∈ R sao cho f II(x0) = 0 và f II(x) d̄ô’i dấu qua
x = x0.

b) Ký hiê.u Pn(X) là tâ.p ho
.
. p mo. i d̄a thú

.c có bâ.c ≤ n vó.i hê. số thu.. c. Cho hai số a, b ∈ R
khác nhau. Xét ánh xa. f : P3(X)→ P2(X) xác d̄i.nh theo công thú

.c:

∀p(x) ∈ P3(X) : f(p) = p(x+ a)− p(x+ b).
i) Ho’i f có pha’i là toàn ánh không.

ii) T́ınh f−1(0).

VÒNG 2

Thò.i gian làm bài: 180 phút

Câu 1. Cho 0 ≤ α ≤ 1. Chú.ng minh rà̆ng vó.i mo. i a, b ∈ C, phu.o.ng tr̀ınh z3 − az + b = 0 có ı́t
nhất mô.t nghiê.m thoa’ mãn d̄iè̂u kiê.n |z − α| ≤ 2− α.
Câu 2. Cho 0 ≤ x ≤ π

2
; 0 ≤ y ≤ +∞. Chú.ng minh bất d̄ă’ ng thú.c

y(arctgy − x) ≤ ln
p
cos
0
1 + y2

Q
Ho’i khi nào có d̄ă’ ng thú.c?

Câu 3. Cho P (x) W= const là d̄a thú.c vó.i hê. số thu.. c. Chú.ng minh rà̆ng nếu hê. phu.o.ng tr̀ınh
x$
0

P (t) sin tdt = 0

x$
0

P (t) cos tdt = 0
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có nghiê.m thu.. c th̀ı số nghiê.m thu.. c chı’ có thê’ là hũ
.u ha.n.

Câu 4. a) Cho hai ma trâ.n thu
.
. c, vuông cấp hai A và B. Gia’ thiết det(A + B) W= 0 và

det(A−B) W= 0. D- ă. t M =

w
A B
B A

W
. Chú.ng minh rà̆ng detM W= 0.

b) Chú.ng minh khă’ ng d̄i.nh trên cho tru
.̀o.ng ho.. p A và B là hai ma trâ.n vuông cấp n bất

kỳ.

D- È̂ THI OLYMPIC TOÁN 1994

MÔN THI: D- A. I SỐ

Thò.i gian làm bài: 180 phút

Câu 1. Cho a1, a2, a3, a4 ∈ R. Chú.ng minh rà̆ng ma trâ.n

A =


1 + a21 −a2 −a3 a4
a2 1 + a21 a4 a3
a3 a4 1 + a21 −a2
−a4 −a3 a2 1 + a21


kha’ nghi.ch. T̀ım det(A−1)

Câu 2. Cho aij là các số thu.. c nguyên (i, j = 1, . . . , n). Hãy gia’ i hê.:
1
2x1 = a11x1 + a12x2 + . . .+ a1nxn
1
2x2 = a21x1 + a22x2 + . . .+ a2nxn
. . . . . . . . . . . . . . . . . . . . . . . .
1
2xn = an1x1 + an2x2 + . . .+ annxn

Câu 3. Cho ma trâ.n

Aj =

 cos 2πjn − sin 2πj
n

sin
2πj

n
cos

2πj

n

 ; j ∈ N

T́ınh tô’ng
Sp = A

p
0 +A

p
1 + . . .+A

p
n−1, (p, n ∈ N+)

Câu 4. T̀ım lim
x→0

w
lim
n→∞

1

x
(An −E)

W
; trong d̄ó A =

 1
x

n
−x
n

1

 n ∈ N+, E là ma trâ.n d̄o
.n vi..

Câu 5. Chú.ng minh rà̆ng nếu A là ma trâ.n vuông cấp n vó
.i A2 = E th̀ı:

ha.ng(A+E) + ha.ng(E −A) = n.

Câu 6. Cho ma trâ.n vuông cấp hai A thoa’ mãn A
2 = A. Chú.ng minh rà̆ng d̄ê’ AX −XA = 0

(X là ma trâ.n vuông cấp 2, 0 là ma trâ.n không), cà̂n và d̄u’ là tò̂n ta. i ma trâ.n vuông cấp
hai X0 sao cho

X = AX0 +X0A−X0

D- È̂ THI OLYMPIC TOÁN 1995
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MÔN THI: D- A. I SỐ

Thò.i gian làm bài: 180 phút

Câu 1. Cho A là ma trâ.n vuông cấp n sao cho A
−1 = 3A. T́ınh: det(A1995 −A).

Câu 2. Cho các số aij (i, j = 1, 2, . . . , n) thoa’ mãn các d̄iè̂u kiê.n :

aij + aji = 0, (∀ i, j = 1, 2, . . . , n)

Chú.ng minh rà̆ng hê. phu
.o.ng tr̀ınh

a11x1 + a12x2 + . . .+ a1nxn = 0
a21x1 + a22x2 + . . .+ a2nxn = 0
. . . . . . . . . . . . . . . . . . . . . . . .
an1x1 + an2x2 + . . .+ annxn = 0

có nghiê.m không tà̂m thu.̀o.ng.

Câu 3. Cho ma trâ.n M =

w
2 1
1 2

W
. T́ınh Mn vó.i n nguyên du.o.ng cho tru.́o.c.

Câu 4. Cho hai số thu.. c a, b (a W= b), B = (bij) là ma trâ.n vuông cấp 6 d̄u.o.. c xác d̄i.nh nhu. sau

bij =

x khi i = j
a khi i W= j, i+ j = 2n
b khi i W= j, i+ j = 2n+ 1

Gia’ su.’ detA =
63

k=0

αk(x− a)k

T́ınh α4.

Câu 5. Cho ma trâ.n vuông A = (aij) cấp n (n > 1) có ha.ng r. Xét ma trâ.n A
∗ = (Aij), trong

d̄ó Aij là phà̂n bù d̄a. i số cu’a aij trong A. T̀ım ha.ng cu’a A
∗.

Câu 6. Cho B là ma trâ.n vuông cấp n và α là mô. t số thu
.
. c thoa’ mãn d̄iè̂u kiê.n det(B−αE) = 0

vó.i E là ma trâ.n d̄o
.n vi..

Chú.ng minh rà̆ng vó.i mo. i a0, a1, . . . , an ∈ R, n ∈ N , ta d̄è̂u có

det

X
n3
k=0

akB
k −

n3
k=0

akα
kE

~
= 0

D- È̂ THI OLYMPIC TOÁN 1996

MÔN THI: D- A. I SỐ

Thò.i gian làm bài: 180 phút

Câu 1. Cho Pn(x) là d̄a thú.c bâ.c n. Chú
.ng minh rà̆ng:

i) Pn(xm) chia hết cho x− 1 th̀ı nó chia hết cho xm − 1.
ii) Pn(xm) chia hết cho (x− a)k th̀ı nó chia hết cho (xm − am)k (a W= 0).
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Câu 2. Cho A =
w
a b
0 c

W
, a, b, c thu.. c.

i) Chú.ng minh rà̆ng nếu A1996 = 0 th̀ı A2 = 0.

ii) Xác d̄i.nh a, b, c sao cho tò̂n ta. i n ∈ N+ d̄ê’ An =
w
1 0
0 1

W
Câu 3. Cho  2 0 0

0 3 0
0 1 2

n =
 a11(n) a12(n) a13(n)
a21(n) a22(n) a23(n)
a31(n) a32(n) a33(n)


T́ınh lim

n→∞
a22(n)

a32(n)
.

Câu 4. Cho A là mô. t ma trâ.n vuông cấp n. Chú
.ng minh rà̆ng nếu A không kha’ nghi.ch th̀ı

có thê’ thay thế các phà̂n tu.’ aii cu’a A bo.’ i 0 hoă.c 1, các phà̂n tu
.’ khác giũ. nguyên, d̄ê’ nhâ.n

d̄u.o.. c ma trâ.n mó
.i S kha’ nghi.ch.

Câu 5. Chú.ng minh rà̆ng nếu a W= 0 th̀ı hê.
ax+ (1− b)y + cz + (1− d)t = a
(b− 1)x+ ay + (d− 1)z + ct = b
−cx+ (1− d)y + az + (b− 1)t = c
(d− 1)x− cy + (1− b)z + at = d

luôn luôn có nghiê.m ∀b, c, d ∈ R.

D- È̂THI OLYMPIC TOÁN 1997

MÔN THI: D- A. I SỐ

Thò.i gian làm bài: 180 phút

Câu 1. Gia’ su.’ x0, y0, z0 là các số thu.. c cho tru
.́o.c. Hãy xác d̄i.nh tất ca’ các số thu

.
. c

xn, yn, zn (n = 0, 1, 2, . . .) thoa’ mãn hê. phu
.o.ng tr̀ınh :lxn+1 = −xn + yn + zn

yn+1 = xn − yn + zn
zn+1 = xn + yn − zn

(n = 0, 1, 2, . . .)

Câu 2. Cho các số nguyên du.o.ng n và τ (τ ≤ n). Xét tất ca’ các ma trâ.n vuông A = (aij) cấp
n ha.ng τ trên tru

.̀o.ng số thu.. c thoa’ mãn hê. thú
.c A2 = A. T́ınh các giá tri. có thê’ có cu’a biê’u

thú.c.
S = a11 + a22 + . . .+ ann

Câu 3. Chú.ng minh rà̆ng vó.i mo. i ma trâ.n vuông cấp n cho tru
.́o.c trên tru.̀o.ng số thu.. c d̄è̂u

t̀ım d̄u.o.. c số nguyên du
.o.ng N sao cho ha.ng A

k = ha.ng A
k+1. vó.i mo. i k ≥ N .

Câu 4. T̀ım ma trâ.n nghi.ch d̄a’o cu’a ma trâ.n sau:

M =


C00 2C01 22C02 . . . 2nC0n
0 C11 2C12 . . . 2n−1C1n
...

...
...

. . .
...

0 0 0 . . . Cnn


4



Câu 5. Cho d̄a thú.c

P (x) =
1997�
k=1

(x− k)k

go. i G là tâ.p ho
.
. p tất ca’ các d̄a thú

.c vó.i hê. số thu
.
. c da.ng

xn + a1x
n−1 + . . .+ an, n = 1, 2, 3, . . .

Xác d̄i.nh tất ca’ các giá tri. thu
.
. c a sao cho tò̂n ta. i d̄a thú

.c Q(x) ∈ G thoa’ mãn d̄ò̂ng thò.i các
d̄iè̂u kiê.n sau d̄ây: 

P (x) W= Q(x)
Q(x) = 0 khi x = 1, 2, . . . , 1997
Q(x) W= 0 khi x W∈ {1, 2, . . . , 1997}
P (x) = a và Q(x) = a có nghiê.m d̄è̂u thu.. c và
tâ.p nghiê.m cu’a chúng trùng nhau

D- È̂ THI OLYMPIC TOÁN 1998

MÔN THI: D- A. I SỐ

Thò.i gian làm bài: 180 phút

Câu 1. D- ă. t:

A(α) =

w
cosα − sinα
sinα cosα

W
Chú.ng minh rà̆ng: A(α)A(β) = A(α+ β). T́ınh An

pπ
2

Q
.

Câu 2. Gia’ su.’ A là ma trâ.n vuông cấp n ( n là số le’) vó
.i các phà̂n tu.’ là các số 1, −1. Go.i

Ak, Bk tu.o.ng ú.ng là t́ıch các phà̂n tu.’ hàng k, cô. t k cu’a A. Chú
.ng minh rà̆ng:

n3
k=1

(Ak +Bk) W= 0

Câu 3. Go.i A là ma trâ.n n+ 1 hàng, n+ 2 cô. t sau d̄ây:

M =


C00 C01 C02 . . . C0n Cnn+1
0 C11 C12 . . . C1n C1n+1
0 0 C22 . . . C2n C2n+1
...

...
...

. . .
...

...
0 0 C22 . . . C2n C2n+1


Go.i Dk là d̄i.nh thú

.c cu’a ma trâ.n nhâ.n d̄u
.o.. c tù

. A bà̆ng cách ga.ch bo’ cô. t thú
. k (k =

1, 2, , . . . , n+ 2). Chú.ng minh rà̆ng Dk = Ck−1n+1.

Câu 4. Cho A =


1

2
1 1

0
1

3
1

0 0
1

6


D- ă.t An =

 a11(n) a12(n) a13(n)
a21(n) a22(n) a23(n)
a31(n) a32(n) a33(n)


5



T̀ım lim
n→+∞αij(n), vó.i i, j = 1, 2, 3.

Câu 5. M là tâ.p tất ca’ các ma trâ.n vuông cõ
. n × n, (n ∈ N∗), có các phà̂n tu.’ là 1 hoă.c −1

. Cho B ∈ M có detB W= 0. Chú.ng minh tò̂n ta. i A ∈ M sao cho |detA| = |detB|, A có tô’ng
các phà̂n tu.’ trên cùng mô.t hàng d̄è̂u ló

.n ho.n hoă.c bà̆ng không, tô’ng các phà̂n tu
.’ trên cùng

mô.t cô. t d̄è̂u ló
.n ho.n hoă.c bà̆ng không.

D- È̂ THI OLYMPIC TOÁN 1999

MÔN THI: D- A. I SÓ̂

Thò.i gian làm bài: 180 phút

Câu 1. a) Cho ma trâ.n A =

 x

1998
1999

0
x

2000

.
Ký hiê.u A

n =

w
a11(n, x) a12(n, x)
a21(n, x) a22(n, x)

W
.

T́ınh lim
n→∞ limx→1

aij(n, x), i, j = 1, 2.

b) Cho f(x) = x1999 + x2 − 1 và cho ma trâ.n

C =


4 3 0 0
2 3 0 0
4 9 −1 0
1 2 5 2


T́ınh det f(C).

Câu 2. a) Cho A, B là các ma trâ.n vuông cấp n. Chú
.ng minh rà̆ng tâ.p các giá tri. riêng cu’a

AB và BA trùng nhau.

b) Cho A là ma trâ.n có 1999 dòng và 2000 cô. t. Go. i A
I là ma trâ.n chuyê’n vi. cu’a A và B

là ma trâ.n phu. ho
.
. p cu’a ma trâ.n A

IA. Biết rà̆ng det(AAI) W= 0 và B W= 0. Xác d̄i.nh ha.ng cu’a B.
Câu 3. Gia’ su.’ d̄a thú.c vó.i hê. số thu

.
. c P (x) = a0+ a1x+ . . .+ anx

n có n nghiê.m thu
.
. c phân biê.t.

Chú.ng minh rà̆ng
ak−1ak+1 < a2k, ∀ k = 1, 2, . . . , n− 1.

Câu 4. Gia’i hê. phu
.o.ng tr̀ınh 

x1 + 2x2 + 3x3 + . . .+ nxn = 1
x2 + 2x3 + 3x4 + . . .+ nx1 = 2
. . . . . . . . . . . . . . . . . . . . .
xn + 2x1 + 3x2 + . . .+ nxn−1 = n

D- È̂ THI OLYMPIC TOÁN 2000

MÔN THI: D- A. I SÓ̂

Thò.i gian làm bài: 180 phút

Câu 1. Cho số nguyên du.o.ng m > 1 và số phú.c a có mô d̄un bà̆ng 1. Chú.ng minh rà̆ng
phu.o.ng tr̀ınh p1 + ix

1− ix
Qm

= a

6



có các nghiê.m d̄è̂u thu.. c.

Câu 2. Cho A,B là các ma trâ.n vuông cấp n tho’a mãn các d̄iè̂u kiê.n :

AB = BA, A1999 = 0, B2000 = 0

Chú.ng minh rà̆ng E +A+B kha’ nghi.ch.

Câu 3. Chú.ng minh rà̆ng t́ıch cu’a hai ma trâ.n pha’n d̄ối xú
.ng A,B là mô. t ma trâ.n pha’n d̄ối

xú.ng khi và chı’ khi AB = −BA.
Câu 4. Cho ma trâ.n vuông A cấp n có các phà̂n tu

.’ trên d̄u.̀o.ng chéo ch́ınh bà̆ng không các
phà̂n tu.’ còn la. i bà̆ng 1 hoă.c 2000. Chú

.ng minh rà̆ng ha.ng cu’a A bà̆ng n hoă.c bà̆ng n− 1.
Câu 5. Cho a, b ∈ R. T̀ım tất ca’ các d̄a thú.c P (x) tho’a mãn d̄iè̂u kiê.n

xP (x− a) = (x− b)P (x)

D- È̂ THI OLYMPIC TOÁN 2001

MÔN THI: D- A. I SÓ̂

Thò.i gian làm bài: 180 phút

Câu 1. Cho ma trâ.n A =

 1 0 1
0 1 2
0 0 −1


hãy t̀ım tất ca’ ma trâ.n vuông B cấp 3 sao cho AB +BA = 0

Câu 2. Cho các ma trâ.n vuông thu
.
. c A,B và tho’a mãn các d̄iè̂u kiê.n sau A

2001 = 0, AB = A+B.
Chú.ng minh rà̆ng detB = 0.

Câu 3. Cho a, b, c, d, e là các số thu.. c. Chú
.ng minh minh rà̆ng nếu phu.o.ng tr̀ınh ax2 + (b +

c)x + d + e = 0 có nghiê.m thu.. c trên [1,+∞) th̀ı phu.o.ng tr̀ınh ax4 + bx3 + cx2 + dx + e = 0 cũng
có nghiê.m thu.. c.

Câu 4. Kı́ hiê.u (a, b) là t́ıch vô hu
.́o.ng cu’a hai véc to. (a, b) ∈ Rn. Cho các véc to. a1, a2, . . . , ak ∈ Rn

d̄ô. c lâ.p tuyến t́ınh. D- ă. t

A =


(a1, a1) (a1, a2) . . . (a1, ak)
a2, a1) (a2, a2) . . . (a2, ak)
...

...
. . .

...
(ak, a1) (ak, a2) . . . (ak, ak)


Chú.ng minh rà̆ng

1) det(A) W= 0 2) A là ma trâ.n d̄ối xú.ng và có các giá tri. riêng không âm.
Câu 5. Cho ma trâ.n A vuông cấp n có các phà̂n tu

.’ d̄è̂u là nhũ.ng số nguyên chẵn. Chú.ng
minh rà̆ng ma trâ.n A không thê’ có giá tri. riêng là mô. t số nguyên le’ .

Câu 6. Cho a, b ∈ R vó.i a W= b. T́ınh d̄i.nh thú.c cu’a ma trâ.n vuông cấp n nhu. sau:
a+ b ab 0 . . . 0
1 a+ b ab . . . 0
0 1 a+ b . . . 0
...

...
...

. . .
...

0 0 0 . . . a+ b


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D- È̂ THI OLYMPIC TOÁN 2002

MÔN THI: D- A. I SÓ̂

Thò.i gian làm bài: 180 phút

Câu 1. Cho hê. phu
.o.ng tr̀ınh

ax1 + bx2 + bx3 + · · ·+ bx2001 + bx2002 = 1
bx1 + ax2 + bx3 + · · ·+ bx2001 + bx2002 = 2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
bx1 + bx2 + bx3 + · · ·+ ax2001 + bx2002 = 2001
bx1 + bx2 + bx3 + · · ·+ bx2001 + ax2002 = 2002

T̀ım d̄iè̂u kiê.n cu’a a, b d̄ê’ hê. d̄ã cho có nghiê.m duy nhất.

Câu 2. Cho A =


√
3

2
+ 1 −5

2
1

2

√
3

2
− 1


T́ınh A2002.

Câu 3. Cho hê. phu
.o.ng tr̀ınh tuyến t́ınh có 10 phu.o.ng tr̀ınh và 11 â’n số. Biết rà̆ng:

1) Bô. số (1999, 1993, . . . , 2002) là mô. t nghiê.m cu’a hê. phu
.o.ng tr̀ınh d̄ã cho.

2) Khi xóa cô. t thú
. i trong ma trâ.n hê. số cu’a hê. phu

.o.ng tr̀ınh d̄ã cho th̀ı ta d̄u.o.. c mô.t ma
trâ.n vuông có d̄i.nh thú

.c d̄úng bà̆ng j (j = 1, 2, , . . . , 11)

Hãy t̀ım tất ca’ các nghiê.m cu’a hê. phu
.o.ng tr̀ınh d̄ã cho.

Câu 4. Cho P,Q là hai ma trâ.n vuông cấp n tho’a mãn d̄iè̂u kiê.n sau:

P 2 = P, Q2 = Q

và I − (P +Q) kha’ nghi.ch. Chú.ng minh rà̆ng r(P ) = r(Q).
Câu 5. Tò̂n ta. i hay không mô.t d̄a thú

.c P (x) bâ.c 2002 sao cho P (x
2 − 2001) chia hết cho P (x).

Câu 6. Cho B là ma trâ.n thu
.
. c vuông cấp n có ha.ng bà̆ng 1. Chú

.ng minh rà̆ng tò̂n ta. i duy
nhất số thu.. c λ sao cho B

2 = λB.

D- È̂ THI OLYMPIC TOÁN 2003

MÔN THI: D- A. I SÓ̂

Thò.i gian làm bài: 180 phút

Câu 1. Cho ma trâ.n

A =


a b 0 0
b a −1 0
0 −1 a b
0 0 b a


vó.i a, b là các số thu.. c, a > |b|. Hãy chı’ ra rà̆ng mo. i giá tri. riêng cu’a A d̄è̂u là các số thu.. c
du.o.ng.

Câu 2. Biết rà̆ng mo. i giá tri. riêng cu’a ma trâ.n d̄ối xú
.ng d̄è̂u có các giá tri. riêng là số thu

.
. c.

Chú.ng minh rà̆ng nếu α,β, γ là các số thu.. c khác không và a, b, c, d, p, q là các số thu
.
. c tùy ý,
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th̀ı ma trâ.n

B =

 a bαβ cαγ
bβα d pβγ
c γα p γβ q


cũng có các giá tri. riêng là số thu

.
. c.

Câu 3. T́ınh tô’ng Sn = d2 + d3 + · · · + dn, trong d̄ó dk là các d̄i.nh thú.c cấp k (k = 2, 3, . . . , n)
da.ng:

dk =

eeeeeeeee
0 1 1 . . . 1 1
1 0 x . . . x x
. . . . . . . . . . . . . . . . . .
1 x x . . . x
1 x x . . . x 0

eeeeeeeee
Câu 4. Cho P và Q là hai ma trâ.n vuông cấp n tho’a mãn các d̄iè̂u kiê.n sau: PQ = QP và tò̂n
ta. i các số nguyên du

.o.ng s, r sao cho P s = Qr = 0. Chú.ng minh rà̆ng các ma trâ.n E + (P +Q)
và E − (P +Q) là các ma trâ.n kha’ nghi.ch.
Câu 5. Cho A là ma trâ.n vuông tho’a mãn d̄iè̂u kiê.n A

2003 = 0. Chú.ng minh rà̆ng vó.i mo. i số
nguyên du.o.ng n ta có rankA = rank(A+A2 + · · ·+An).
Câu 6. Cho ma trâ.n

A =


1 + x1 1 1 1
1 1 + x2 1 1
1 1 1 + x3 1
1 1 1 1 + x4


trong d̄ó x1, x2, x3, x4 là các nghiê.m cu’a d̄a thú.c f(x) = x4 − x+ 1. T́ınh detA.
Câu 7. Cho d̄a thú.c vó.i hê. số thu

.
. c P (x) bâ.c n (n ≥ 1) có m nghiê.m thu.. c. Chú

.ng minh rà̆ng
d̄a thú.c

Q(x) = (x2 + 1)P (x) + P I(x)

có ı́t nhất m nghiê.m thu.. c.

D- È̂ THI OLYMPIC TOÁN 2004

MÔN THI: D- A. I SÓ̂

Thò.i gian làm bài: 180 phút

Câu 1. Cho các ma trâ.n

A =

−1 −3 0
−3 2 1
0 1 −1

 B =

−1 −3 −3
0 −2 5
−3 1 1


a) T́ınh B = T−1AT

b) T̀ım các giá tri. riêng và véc to
. riêng cu’a ma trâ.n A.

Câu 2. Chú.ng minh rà̆ng vó.i mo. i ma trâ.n vuông thu
.
. c cấp hai A,B,C ta luôn có

(AB −BA)2004C = C(AB −BA)2004

Câu 3. Biết rà̆ng các ma trâ.n vuông A, B d̄è̂u là nghiê.m cu’a d̄a thú.c f(x) = x2 − x và
AB +BA = 0. T́ınh det(A−B)?
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Câu 4. Cho ma trâ.n thu
.
. c A = (aij) tho’a mãn d̄iè̂u kiê.n :

aij =

F
0 nếu i = j
±1 nếu i W= j

Chú.ng minh rà̆ng:

a) Nếu n = 3, th̀ı tò̂n ta. i ma trâ.n A d̄ê’ sao cho detA = 0.

b) Nếu n = 4 ta luôn có detA W= 0.
Câu 5. a) Xác d̄i.nh d̄a thú

.c f(x) da.ng:

f(x) = x5 − 3x4 + 2x3 + ax2 + bx+ c
biết rà̆ng nó chia hết cho d̄a thú.c (x− 1)(x+ 1)(x− 2).
b) Cho P (x), Q(x), R(x) là các d̄a thú.c có hê. số thu

.
. c có bâ.c tu

.o.ng ú.ng là 3, 2, 3 tho’a mãn
d̄iè̂u kiê.n [P (x)+Q(x)]

2 = [R(x)]2. Ho’i d̄a thú.c T (x) = P (x)Q(x)R(x) có ı́t nhất bo nhiêu nghiê.m
thu.. c (kê’ ca’ bô. i).

CÁC BÀI TÂ. P KHÁC

T́INH D- I.NH THÚ
.
C

1. T́ınh d̄i.nh thú
.c bà̆ng su.’ du.ng các biến d̄ô’i so

. cấp

Bài 1 T́ınh d̄i.nh thú
.c cu’a ma trâ.n A = (aij) vó

.i aij = min{i, j}.
Hu.́o.ng d̄ẫn: Lấy hàng n trù. hàng n− 1, . . . , hàng 2 trù. hàng 1 thu d̄u.o.. c d̄i.nh thú.c tam giác

D- áp số: 1.

Bài 2 Cho ma trâ.n A = (aij)n×n vó
.i aij = max(i, j). T́ınh detA

Hu.́o.ng dẫn: Lấy các cô. t 1, 2, . . . , n− 1 trù. d̄i cô. t d̄ú.ng sau nó, thu d̄u.o.. c d̄i.nh thú.c tam giác.

D- áp số: n(−1)n−1.
Bài 3 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

a1 x x . . . x
x a2 x . . . x
x x a3 . . . x
...

...
...

. . .
...

x x x . . . an

eeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 2, 3, . . . n trù. hàng 1, sau d̄ó rút thù.a số (aj − x) kho’i cô. t j, và d̄u.a vè̂ d̄u.o.. c d̄i.nh thú.c tam
giác

Bài 4 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 2 3 . . . n
−1 0 3 . . . n
−1 −2 0 . . . n
...

...
...

. . .
...

−1 −2 −3 . . . 0

eeeeeeeeee
10



Hu.́o.ng dẫn: Cô.ng hàng 1 vào các hàng 2, 3, . . . n, d̄u
.o.. c ma trâ.n tam giác

Bài 5 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

x1 a12 a13 . . . a1n
x1 x2 a23 . . . a2n
x1 x2 x3 . . . a3n
...

...
...

. . .
...

x1 x2 x3 . . . xn

eeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng n trù. hàng n− 1, hàng n− 1 trù. hàng n− 2, . . . , hàng 2 trù. hàng 1, d̄u.o.. c d̄i.nh thú.c tam
giác.

Bài 6 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 . . . 1 1 1
a1 . . . a1 a1 − b1 a1
a2 . . . a2 − b2 a2 a2
... · · · ...

...
...

an − bn . . . an an an

eeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t n trù

. cô. t n+ 1, cô. t n− 1 trù. cô. t n, . . . , cô. t 1 trù. cô. t 2, d̄u.o.. c d̄i.nh thú.c tam giác.

Bài 7 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a0 a1 a2 . . . an
−x x 0 . . . 0
0 −x x . . . 0
...

...
...

. . .
...

0 0 0 . . . x

eeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t n− 1 cô.ng vào cô. t n, cô. t n− 2 cô.ng vào cô. t n− 1, . . . , cô. t 1 cô.ng vào cô. t 2, d̄u.o.. c d̄i.nh
thú.c tam giác.

Bài 8 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 2 3 . . . n
1 x+ 1 3 . . . n
1 2 x+ 1 . . . n
...

...
...

. . .
...

1 2 3 . . . x+ 1

eeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t thú

. j (j = 2, 3 . . . , n) trù. j là̂n cô. t 1, d̄u
.o.. c d̄i.nh thú

.c tam giác.

Bài 9 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 1 1 . . . 1
1 2− x 1 . . . 1
1 1 3− x . . . 1
...

...
...

. . .
...

1 1 1 . . . n+ 1− x

eeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t thú

. j (j = 2, 3 . . . , n+ 1) trù. cô. t 1, d̄u
.o.. c d̄i.nh thú

.c tam giác.

Bài 10 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a0 a1 a2 . . . an
a0 x a2 . . . an
a0 a1 x . . . an
...

...
...

. . .
...

a0 a1 a2 . . . x

eeeeeeeeee
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Hu.́o.ng dẫn: Rút thù.a số a0 kho’i cô. t 1, sau d̄ó lấy cô. t thú
. j (j = 2, 3 . . . , n+ 1) trù. aj là̂n cô. t 1, d̄u

.o.. c d̄i.nh thú
.c

tam giác.

Bài 11 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeee

1 2 3 . . . n− 1 n
1 3 3 . . . n− 1 n
1 2 5 . . . n− 1 n
...
...
...
. . .

...
...

1 2 3 . . . 2n− 3 n
1 2 3 . . . n− 1 2n− 1

eeeeeeeeeeee
Hu.́o.ng dẫn: Lấy các hàng 2, 3, . . . , n trù. d̄i hàng 1, thu d̄u.o.. c d̄i.nh thú

.c tam giác.

D- áp số: (n− 1)!
Bài 12 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

1 a1 a2 . . . an
1 a1 + b1 a2 . . . an
1 a1 a2 + b2 . . . an
...

...
...

. . .
...

1 a1 a2 . . . an + bn

eeeeeeeeee
Hu.́o.ng dẫn: Lấy các hàng 2, 3, . . . , n trù. d̄i hàng 1, thu d̄u.o.. c d̄i.nh thú

.c tam giác.

D- áp số: b1b2 . . . bn

Bài 13 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

2 2 . . . 2 2 1
2 2 . . . 2 2 2
2 2 . . . 3 2 2
· · · · · · · · · · · · · · · · · ·
2 n− 1 . . . 2 2 2
n 2 . . . 2 2 2

eeeeeeeeeee
Hu.́o.ng dẫn: Lấy các cô. t 1, 2, . . . , n− 1 trù. d̄i cô. t n, thu d̄u.o.. c d̄i.nh thú.c tam giác.

D- áp số: (−1)n
2−n+2
2 2(n− 2)!

Bài 14 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 n n . . . n
n 2 n . . . n
n n 3 . . . n
...
...
...
. . .

...
n n n . . . n

eeeeeeeeee
Hu.́o.ng dẫn: Lấy các hàng (cô. t) 1, 2, . . . , n− 1 trù. d̄i hàng (cô. t) n, thu d̄u.o.. c d̄i.nh thú.c tam giác.

D- áp số: (−1)n−1n!
Bài 15 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeeeee

x y 0 0 . . . 0 0
0 x y 0 . . . 0 0
0 0 x y . . . 0 0
0 0 0 x . . . 0 0
...
...
...
...
. . .

...
...

0 0 0 0 . . . x y
y 0 0 0 . . . 0 x

eeeeeeeeeeeeee
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Hu.́o.ng dẫn: Khai triê’n theo cô.t 1

D- áp số: xn + (−1)n+1yn.
Bài 16 T́ınh d̄i.nh thú

.c

D =

eeeeeeeee
1 b1 0 0 . . . 0 0
−1 1− b1 b2 0 . . . 0 0
0 −1 1− b2 b3 . . . 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 . . . −1 1− bn

eeeeeeeee
Hu.́o.ng dẫn: Cô.ng n hàng 2, 3, . . . , n+ 1 vào hàng 1, sau d̄ó khai triê’n theo hàng 1.

D- áp số: 1.

Bài 17 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeee

x a1 a2 . . . an−1 1
a1 x a2 . . . an−1 1
a1 a2 x . . . an−1 1
...

...
...

. . .
...

...
a1 a2 a3 . . . x 1
a1 a2 a3 . . . an 1

eeeeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 1 trù. hàng 2, hàng 2 trù. hàng 3, . . . , hàng n trù. hàng n+ 1, sau d̄ó khai triê’n theo cô.t
cuối.

D- áp số: (x− a1)(x− a2) . . . (x− an).
Bài 18 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeee

a0 −1 0 0 . . . 0 0
a1 x −1 0 . . . 0 0
a2 0 x −1 . . . 0 0
· · · · · · · · · · · · · · · · · · · · ·
an−1 0 0 0 . . . x −1
an 0 0 0 . . . 0 x

eeeeeeeeeee
Hu.́o.ng dẫn: Nhân hàng 1 vó.i xn, nhân hàng 2 vó.i xn−1, . . . , nhân hàng n vó.i x, rò̂i cô.ng tất ca’ vào hàng n+1,
sau d̄ó khai triê’n theo hàng cuối cùng.

D- áp số: a0x
n + a1x

n−1 + · · ·+ an−1x+ an
Bài 19 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeee

1 2 3 . . . n− 1 n
−1 x 0 . . . 0 0
0 −1 x . . . 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 . . . x 0
0 0 0 . . . −1 x

eeeeeeeeeee
Hu.́o.ng dẫn: Tu.o.ng tu.. bài 18.

D- áp số:
xn+1 − 1
(x− 1)2 −

n+ 1

x− 1 .
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Bài 20 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

n −1 0 0 . . . 0 0
n− 1 x −1 0 . . . 0 0
n− 2 0 x −1 . . . 0 0
· · · · · · · · · · · · · · · · · · · · ·
2 0 0 0 . . . x −1
1 0 0 0 . . . 0 x

eeeeeeeeeee
Hu.́o.ng dẫn: Tu.o.ng tu.. bài 18.

D- áp số:
nxn

x− 1 −
xn − 1
(x− 1)2 .

Bài 21 T́ınh d̄i.nh thú
.c

D =

eeeeeeeee
1 x x2 x3 . . . xn

a11 1 x x2 . . . xn−1

a21 a22 1 x . . . xn−2

· · · · · · · · · · · · · · · · · ·
an1 an2 an3 an4 . . . 1

eeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 1 trù. d̄i x là̂n hàng 2, sau d̄ó lấy hàng 2 trù. d̄i x là̂n hàng 3, . . . , lấy hàng n trù. d̄i x là̂n
hàng n+ 1, d̄u.o.. c d̄i.nh thú

.c tam giác

D- áp số: (1− a11x)(1− a22x) . . . (1− annx).
Bài 22 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeeee

1 C1n C2n . . . Cn−1n Cnn
1 C1n−1 C2n−1 . . . Cn−1n−1 0
1 C1n−2 C2n−2 . . . 0 0
· · · · · · · · · · · · · · · · · ·
1 C12 C22 . . . 0 0
1 C11 0 . . . 0 0
a0 a1 a2 . . . an−1 an

eeeeeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t k (k = 2, 3, . . . n+ 1) nhân vó

.i (−1)k rò̂i cô.ng vào cô. t 1, sau d̄ó khai triê’n theo cô. t 1.
D- áp số: (−1)n(n+1)2 [a0 − a1 + a2 − . . .+ (−1)nan].
Bài 23 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeee

0 1 1 . . . 1 1
1 0 x . . . x x
1 x 0 . . . x x
...
...
...
. . .

...
...

1 x x . . . 0 x
1 x x . . . x 0

eeeeeeeeeeee
Hu.́o.ng dẫn: Lấy các hàng 2, 3, . . . , n trù. x là̂n hàng 1, sau d̄ó lấy x là̂n hàng 1 và các hàng 2, 3, . . . , n − 1 cô.ng
vào hàng n, liên tiếp khai triê’n theo hàng cuối cô. t cuối.

D- áp số: (−1)n−1(n− 1)xn−2.
Bài 24 T́ınh d̄i.nh thú

.c

D =

eeeeeeeee
x a1 a2 . . . an
a1 x a2 . . . an
a1 a2 x . . . an
· · · · · · · · · · · · · · ·
a1 a2 a3 . . . x

eeeeeeeee
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Hu.́o.ng dẫn: Cô.ng các cô. t 2, 3, . . . , n + 1 vào cô. t 1, sau d̄ó rút thù
.a số chung cu’a cô. t 1 ra ngoài, và là̂n lu

.o.. t lấy

hàng 2, 3, . . . n+ 1 trù. d̄i hàng 1, thu d̄u.o.. c d̄i.nh thú
.c tam giác.

D- áp số: (x+ a1 + a2 + · · ·+ an)(x− a1)(x− a2) . . . (x− an).
Bài 25 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeee

1 1 1 . . . 1
1 C12 C13 . . . C1n
1 C23 C24 . . . C2n+1
...

...
...

. . .
...

1 Cn−1n Cn−1n+1 . . . Cn−12n−2

eeeeeeeeeee
Hu.́o.ng dẫn: Bu.́o.c 1, lấy hàng n trù. hàng n− 1, hàng n− 1 trù. hàng n− 2, . . . , hàng 2 trù. hàng 1. Sau d̄ó khai
triê’n theo cô.t 1. Bu

.́o.c 2 lấy hàng n− 1 trù. hàng n− 2, hàng n− 2 trù. hàng n− 3, . . . , hàng 2 trù. hàng 1. Tiếp
tu. c khai triê’n theo cô. t 1. Bu

.́o.c 3, 4, . . . thu.. c hiê.n tu
.o.ng tu.. .

D- áp số: 1.

Bài 26 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

1 1 1 . . . 1
C1m C1m+1 C1m+2 . . . C1m+n
C2m+1 C2m+2 C2m+3 . . . C2m+n+1
...

...
...

. . .
...

Cnm+n−1 Cnm+n Cnm+n+1 . . . Cnm+2n−1

eeeeeeeeeee
Hu.́o.ng dẫn: Bu.́o.c 1, lấy cô. t n + 1 trù

. cô. t n, cô. t n trù
. cô. t n − 1, . . . , cô. t 2 trù. cô. t 1. Sau d̄ó khai triê’n theo

hàng 1. Bu.́o.c 2, lấy cô. t n trù
. cô. t n− 1, cô. t n− 1 trù. cô. t n− 2, . . . , cô. t 2 trù. cô. t 1. Tiếp tu. c khai triê’n theo

hàng 1. Bu.́o.c 3, 4, . . . thu.. c hiê.n tu
.o.ng tu.. .

D- áp số: 1.

Bài 27 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 1 0 0 . . . 0
1 C12 C22 0 . . . 0
1 C13 C23 C33 . . . 0
...

...
...

... · · · ...
1 C1n C2n C3n . . . Cn−1n

eeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t i, i = 2, 3 . . . n nhân vó

.i (−1)i−1 rò̂i cô.ng vào cô.ng 1. Su.’ du.ng
m3
k=0

(−1)kCkm = (1−1)m = 0

và

n−13
k=0

(−1)kCkn = (1− 1)n − (−1)n = (−1)n+1. Sau d̄ó khai triê’n theo cô. t 1, thu d̄u.o.. c d̄i.nh thú.c tam giác.

D- áp số: 1.

Bài 28 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

1 C1n C2n . . . Cnn
1 C1n+1 C2n+1 . . . Cnn+1
1 C1n+2 C2n+2 . . . Cnn+2
...

...
...

. . .
...

1 C12n C22n . . . Cn2n

eeeeeeeeeee
Hu.́o.ng dẫn: Bu.́o.c 1, lấy hàng n trù. hàng n− 1, hàng n− 1 trù. hàng n− 2, . . . , hàng 2 trù. hàng 1. Sau d̄ó khai
triê’n theo cô.t 1. Bu

.́o.c 2 lấy hàng n− 1 trù. hàng n− 2, hàng n− 2 trù. hàng n− 3, . . . , hàng 2 trù. hàng 1. Tiếp
tu. c khai triê’n theo cô. t 1. Bu

.́o.c 3, 4, . . . thu.. c hiê.n tu
.o.ng tu.. .

15



D- áp số: 1.

Bài 29 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

Cnp+n Cnp+n+1 Cnp+n+2 . . . Cnp+2n
Cnp+n+1 Cnp+n+2 Cnp+n+3 . . . Cnp+2n+1
Cnp+n+2 Cnp+n+3 Cnp+n+4 . . . Cnp+2n+2
...

...
...

. . .
...

Cnp+2n Cnp+2n+1 Cnp+2n+2 . . . Cnp+3n

eeeeeeeeeee
Hu.́o.ng dẫn: Bu.́o.c 1: Lấy các hàng kê’ tù. hàng thú. hai tro.’ d̄i trù. d̄i hàng liè̂n trên cu’a nó. Bu.́o.c hai vó.i kết qu’a
thu d̄u.o.. c bắt d̄à̂u tù

. hàng thú. ba tro.’ d̄i trù. hàng liè̂n trên cu’a nó. Bu.́o.c 3, 4, . . . n thu.. c hiê.n tu
.o.ng tu.. . Tù

. kết qu’a

thu d̄u.o.. c ta t́ınh d̄u
.o.. c d̄i.nh thú

.c.

D- áp số: (−1)n(n+1)2 .

Bài 30 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

Cpm Cp+1m Cp+2m . . . Cp+nm

Cpm+1 Cp+1m+1 Cp+2m+1 . . . Cp+nm+1

Cpm+2 Cp+1m+2 Cp+2m+2 . . . Cp+nm+2

...
...

...
. . .

...
Cpm+n Cp+1m+n Cp+2m+n . . . Cp+nm+n

eeeeeeeeeee
Hu.́o.ng dẫn: Su.’ du.ng công thú

.c Ckn =
n

k
Ck−1n−1, chúng ta rút thù.a số chung m tù. hàng 1, thù.a số m+ 1 tù. hàng 2,

. . . , thù.a số m+ n tù. cô. t cuối, d̄ò̂ng thò
.i rút thù.a số

1

p
tù. cô. t 1, thù

.a số
1

p+ 1
tù. cô. t thú

. hai, . . . , thù.a số

1
p+n tù

. cô. t cuối. Vó
.i kết qua’ thu d̄u.o.. c biến d̄ô’i tu

.o.ng tu..

D- áp số:
Cn+1m+nC

n+1
m+n−1 . . . C

n+1
m+n−p+1

Cn+1n+pC
n+1
n+p−1 . . . C

n+1
n+1

.

Bài 31 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

n!a0 (n− 1)!a1 (n− 2)!a2 . . . an
−n x 0 . . . 0
0 −(n− 1) x . . . 0
...

...
...

. . .
...

0 0 0 . . . x

eeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 2 nhân (n− 1)!, hàng 3 nhân (n− 2)!, . . . Sau d̄ó rút thù.a số chung n! o.’ cô. t 1, (n− 1)! o.’
cô. t 2, . . .

D- áp số: n!(a0x
n + a1x

n−1 + a2xn−2 · · ·+ an).
Bài 32 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeee

a0x
n a1x

n−1 a2x
n−2 . . . an−1x an

a0x b1 0 . . . 0 0
a0x

2 a1x b2 . . . 0 0
...

...
...

. . .
...

...
a0x

n−1 a1x
n−2 a2x

n−3 . . . bn−1 0
a0x

n a1x
n−1 a2x

n−2 . . . an−1x bn

eeeeeeeeeeee
16



Hu.́o.ng dẫn: Lấy hàng 2 nhân xn−1, hàng 3 nhân xn−2, . . . Sau d̄ó rút thù.a số chung xn o.’ cô. t 1, xn−1 o.’ cô. t 2, .
. .

D- áp số: a0x
n

n�
i=1

(bi − ai).

Bài 33 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 2 3 . . . n− 1 n
2 3 4 . . . n 1
3 4 5 . . . 1 2
...
...
... · · · ...

...
n 1 2 . . . n− 2 n− 1

eeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 2 trù. hàng 1, hàng 3 trù. hàng 2, . . . hàng n trù. hàng n − 1. Sau d̄ó lấy cô. t 2, 3, . . . , n
cô.ng vào cô. t 1, khai triê’n theo cô. t 1, . . .

D- áp số: (−1)n(n−1)2
n+ 1

2
nn−1.

Bài 34 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 x x2 . . . xn−2 xn−1

xn−1 1 x . . . xn−3 xn−2

xn−2 xn−1 1 . . . xn−4 xn−3
...

...
... · · · ...

...
x x2 x3 . . . xn−1 1

eeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 2 trù. xn−1 là̂n hàng 1, hàng 3 trù. xn−2 hàng 1, . . . , hàng n trù. x là̂n hàng 1, thu d̄u.o.. c
d̄i.nh thú

.c tam giác

D- áp số: (1− xn)n−1.
Bài 35 Cho ma trâ.n vuông cấp n, A = (aij)n×n, trong d̄ó aij = |i− j|. T́ınh detA.
Hu.́o.ng dẫn: Lấy các hàng 2, 3, . . . , n trù. d̄i hàng d̄ú.ng tru.́o.c nó , sau d̄ó lấy các hàng 2, 3, . . . , n cô.ng vào hàng 1,
rò̂i khai triê’n theo hàng 1.

D- áp số: (−1)n−1(n− 1)2n−2.

2. T́ınh d̄i.nh thú
.c bà̆ng phu.o.ng pháp truy hò̂i

Bài 36 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a1b1 a1b2 a1b3 . . . a1bn
a1b2 a2b2 a2b3 . . . a2bn
a1b2 a2b3 a3b3 . . . a3bn
...

...
...

. . .
...

a1bn a2bn a3bn . . . anbn

eeeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn =

bn
bn−1

(anbn−1 − an−1bn)Dn−1.

Bài 37 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a0 a1 a2 . . . an
−y1 x1 0 . . . 0
0 −y2 x2 . . . 0
...

...
...

. . .
...

0 0 0 . . . xn

eeeeeeeeee
17



Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn+1 = xnDn + any1y2 . . . yn.

Bài 38 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

0 1 1 . . . 1
1 a1 0 . . . 0
1 0 a2 . . . 0
...

...
...

. . .
...

1 0 0 . . . an

eeeeeeeeee
Hu.́o.ng dẫn: Dn+1 = anDn − a1a2 . . . an−1. Hãy gia’ i cách khác.
Bài 39 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

1 2 3 4 . . . n
1 1 2 3 . . . n− 1
1 x 1 2 . . . n− 2
...
...
...
... · · · ...

1 x x x . . . 1

eeeeeeeeee
Hu.́o.ng dẫn: Lấy cô. t n trù

. d̄i n− 1 và trù. cô. t 1, sau d̄ó khai triê’n theo cô. t cuối ta thu d̄u.o.. c Dn = (−x)Dn−1
D- áp số: (−1)n−1xn−2.
Bài 40 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

1 2 3 4 . . . n
x 1 2 3 . . . n− 1
x x 1 2 . . . n− 2
...
...
...
... · · · ...

x x x x . . . 1

eeeeeeeeee
Hu.́o.ng dẫn: Su.’ du.ng 1 = x+ (1− x) tách D thành hai số ha.ng và su

.’ du.ng bài tru
.́o.c

D- áp số: (−1)n[(x− 1)n − xn].
Bài 41 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeeeee

1 0 0 0 . . . 0 1
1 a1 0 0 . . . 0 0
1 1 a2 0 . . . 0 0
1 0 1 a3 . . . 0 0
...

...
...

...
. . .

...
...

1 0 0 0 . . . an−1 0
1 0 0 0 . . . 1 an

eeeeeeeeeeeeee
Hu.́o.ng dẫn: Khai triê’n theo cô.t 2 thu d̄u

.o.. c Dn = a1Dn−1 + (−1)n.
Cách khác: Thu.. c hiê.n biến d̄ô’i L2−a1L3+a1a2L4−. . .+(−1)n+1a1a2 . . . an−1Ln+1+(−1)n+2a1a2 . . . anL1 −→
L2, sau d̄ó rút thù.a số chung kho’i dòng 2, su.’ du.ng dòng 2 khu

.’ các phà̂n tu.’ cô. t 1

D- áp số: a1a2 . . . an − a1a2 . . . an−1 + a1a2 . . . an−2 − · · ·+ (−1)n−1a1 + (−1)n.
Bài 42 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

3 2 0 . . . 0
1 3 2 . . . 0
0 1 3 . . . 0
...
...
...
. . .

...
0 0 0 . . . 3

eeeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn = 3Dn−1 − 2Dn−2.

18



Bài 43 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeeee

5 6 0 0 0 . . . 0 0
4 5 6 0 0 . . . 0 0
0 1 3 2 0 . . . 0 0
0 0 1 3 2 . . . 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 . . . 3 2
0 0 0 0 0 . . . 1 3

eeeeeeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn = 3Dn−1 − 2Dn−2, n ≥ 2.
Bài 44 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeee

α+ β αβ 0 0 . . . 0
1 α+ β αβ 0 . . . 0
0 1 α+ β αβ . . . 0
0 0 1 α+ β . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . α+ β

eeeeeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn = (α+ β)Dn−1 − αβDn−2.
Bài 45 T́ınh d̄i.nh thú

.c

D =

eeeeeeeee
2
x

1
x2 0 0 . . . 0 0

1 2
x

1
x2 0 . . . 0 0

0 1 2
x

1
x2 . . . 0 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 . . . 1 2

x

eeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh Dn =

2

x
Dn−1 − 1

x2
Dn−2

D- áp số:
n+ 1

xn
.

Bài 46 T́ınh d̄i.nh thú
.c eeeeeeeeee

0 x x . . . x
y 0 x . . . x
y y 0 . . . x
...
...
...
. . .

...
y y y . . . 0

eeeeeeeeee
Hu.́o.ng dẫn: Su.’ du.ng 0 = x − x d̄ê’ tách hàng 1, tù. d̄ó chı’ ra d̄u.o.. c Dn = −xDn−1 + x(−y)n−1 (Tu.o.ng tu..
Dn = −yDn−1 + y(−x)n−1).

D- áp số: (−1)n−1xyx
n−1 − yn−1
x− y .

Bài 47 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a x x . . . x
y a x . . . x
y y a . . . x
...
...
...
. . .

...
y y y . . . a

eeeeeeeeee
Hu.́o.ng dẫn: Su.’ du.ng a = x+(a−x) d̄ê’ tách hàng 1, tù. d̄ó chı’ ra d̄u.o.. c Dn = (a−x)Dn−1+x(a−y)n−1 (Tu.o.ng
tu.. Dn = (a− y)Dn−1 + y(a− x)n−1).
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D- áp số:
x(a− y)n − y(a− x)n

x− y .

Bài 48 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a1 x x . . . x
y a2 x . . . x
y y a3 . . . x
...

...
...

. . .
...

y y y . . . an

eeeeeeeeee
Hu.́o.ng dẫn: Su.’ du.ng an = y+ (an− y) d̄ê’ tách hàng n, tù. d̄ó chı’ ra d̄u.o.. c Dn = (an− y)Dn−1+ y(a1− x)(a2−
x) . . . (an−1 − x) (Tu.o.ng tu.. Dn = (an − x)Dn−1 + x(a1 − y)(a2 − y) . . . (an−1 − y)).

D- áp số:
xf(y)− yf(x)

x− y vó.i f(z) = (a1 − z)(a2 − z) . . . (an − z).

Bài 49 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeee

0 1 1 1 . . . 1
1 a1 x x . . . x
1 y a2 x . . . x
1 y y a3 . . . x
...

...
...

...
. . .

...
1 y y y . . . an

eeeeeeeeeeee
Hu.́o.ng dẫn: Lấy các hàng 2, 3, . . . , n + 1 trù. d̄i x là̂n hàng 1, sau d̄ó lấy hàng 2 trù. hàng 3, hàng 3 trù. hàng 4,
. . . , hàng n trù. hàng n + 1. Khai triê’n kết qu’a thu d̄u.o.. c theo cô. t 1, rò̂i theo cô. t cuối, thu d̄u

.o.. c công thú
.c

Dn = (an − x)Dn−1 − (a1 − y)(a2 − y) . . . (an−1 − y).

D- áp số:
f(x)− f(y)
x− y vó.i f(z) = (a1 − z)(a2 − z) . . . (an − z)

Bài 50 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeee

x 1 0 0 . . . 0 0
n− 1 x 2 0 . . . 0 0
0 n− 2 x 3 . . . 0 0
0 0 n− 3 x . . . 0 0
...

...
...

... · · · ...
...

0 0 0 0 . . . 1 x

eeeeeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn(x) = (x+ n− 1)Dn−1(x− 1)

D- áp số:

n�
k=1

(x+n−2k+1) hay là (x2−1)(x2−32) . . . [x2−(n−1)2] khi n chẵn, x(x2−22)(x2−42) . . . [x2−(n−1)2]
khi n le’ .

Bài 51 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a0 1 1 1 . . . 1
1 a1 0 0 . . . 0
1 0 a2 0 . . . 0
...

...
...

... · · · ...
1 0 0 0 . . . an

eeeeeeeeee
Hu.́o.ng dẫn: Khai triê’n theo cô. t cuối thu d̄u

.o.. c Dn = anDn−1 − a1a2 . . . an−1. Cách khác: Rút thù.a số ai kho’i
cô. t i+ 1 sau d̄ó dùng phép khu

.’ .

D- áp số: a1a2 . . . an

p
a0 − 1

a1
− 1

a2
− . . .− 1

an

Q
.
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Bài 52 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

c0 b b b . . . b
a c1 0 0 . . . 0
a 0 c2 0 . . . 0
...

...
...

... · · · ...
a 0 0 0 . . . cn

eeeeeeeeee
Hu.́o.ng dẫn: Quy vè̂ bài tru.́o.c

D- áp số: abc1c2 . . . cn

p c0
ab
− 1

c1
− 1

c2
− . . .− 1

cn

Q
.

Bài 53 T́ınh d̄i.nh thú
.c

D =

eeeeeeeee
1 −b −b −b . . . −b
1 na −2b −3b . . . −(n− 1)b
1 (n− 1)a a −3b . . . −(n− 1)b
· · · · · · · · · · · · · · · · · ·
1 2a a a . . . a

eeeeeeeee
Hu.́o.ng dẫn: Lấy các hàng 1, 2, . . . , n− 1 trù. d̄i hàng bên du.́o.i cu’a nó, khai triê’n kết qu’a thu d̄u.o.. c theo cô. t 1 ta
quy vè̂ d̄u.o.. c bài tru

.́o.c.

D- áp số: a(a+ b)(a+ 2b) . . . [a+ (n− 1)b]
p1
a
+

1

a+ b
+

1

a+ 2b
+ · · ·+ 1

a+ (n− 1)b
Q
.

Bài 54 T́ınh d̄i.nh thú
.c

D =

eeeeeeeee
1− b1 b2 0 0 . . . 0
−1 1− b2 b3 0 . . . 0
0 −1 1− b3 b4 . . . 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 . . . 1− bn

eeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn = 1− b1Dn−1.
D- áp số: 1− b1 + b1b2 − · · ·+ (−1)nb1b2 . . . bn.
Bài 55 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

0 a2 a3 . . . an
b1 0 a3 . . . an
b1 b2 0 . . . an
...

...
...

. . .
...

b1 b2 b3 . . . 0

eeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng 1 trù. hàng 2, hàng 2 trù. hàng 3, . . . , hàng n− 1 trù. hàng n. Khai triê’n kết qua’ thu d̄u.o.. c
theo cô.t 1 d̄u

.o.. c Dn = −b1Dn−1 + (−1)n+1b1a2a3 . . . an.
D- áp số: (−1)n−1(b1a2a3 . . . an + b1b2a3 . . . an + · · ·+ b1b2b3 . . . an).
Bài 56 T́ınh d̄i.nh thú

.c

D =

eeeeeeeee
a0 + a1 a1 0 0 . . . 0 0
a1 a1 a2 a2 . . . 0 0
0 a2 a2 + a3 a3 . . . 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 . . . an−1 an−1 + an

eeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh rà̆ng Dn = (an−1 + an)Dn−1 − a2n−1Dn−2
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D- áp số: a0a1a2 . . . an

p 1
a0
+
1

a1
+ · · ·+ 1

an

Q
.

Bài 57 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

1 C1p C2p . . . Cnp
1 C1p+1 C2p+1 . . . Cnp+1
1 C1p+2 C2p+2 . . . Cnp+2
...

...
...

. . .
...

1 C1p+n C2p+n . . . Cnp+n

eeeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng n+ 1 trù. hàng n, hàng n trù. hàng n− 1, . . . , hàng 2 trù. hàng 1, thu d̄u.o.. c Dn = Dn−1
D- áp số: 1

Bài 58 T́ınh d̄i.nh thú
.c eeeeeeeee

C0n C1n . . . Ckn
C0n+1 C1n+1 . . . Ckn+1
...

...
. . .

...
C0n+k C1n+k . . . Ckn+k

eeeeeeeee
Hu.́o.ng dẫn: Xem bài trên

Bài 59 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeee

1 0 0 0 . . . 0 1
1 C11 0 0 . . . 0 x
1 C12 C22 0 . . . 0 x2

1 C13 C23 C33 . . . 0 x3

...
...

...
... · · · ...

...
1 C1n C2n C3n . . . Cn−1n xn

eeeeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng n+ 1 trù. hàng n, hàng n trù. hàng n− 1, . . . , hàng 2 trù. hàng 1, sau d̄ó khai triê’n theo
cô. t 1. Chú

.ng minh d̄u.o.. c Dn = (x− 1)Dn−1
D- áp số: (x− 1)n.
Bài 60 T́ınh d̄i.nh thú

.ceeeeeeeeeeeeee

1 0 0 0 0 . . . 1
1 1! 0 0 0 . . . x
1 2 2! 0 0 . . . x2

1 3 3.2 3! 0 . . . x3

1 4 4.3 4.3.2 4! . . . x4
...

...
...

...
...

. . .
...

1 n n(n− 1) n(n− 1)(n− 2) n(n− 1)(n− 2)(n− 3) . . . xn

eeeeeeeeeeeeee
Hu.́o.ng dẫn: Rút thù.a số chung k! tù. cô. t k + 1 và quy vè̂ bài tru

.́o.c.

D- áp số: 1!2! . . . (n− 1)!(x− 1)n.
Bài 61 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeeee

1 0 0 0 . . . 0 x0
1 C11 0 0 . . . 0 x1
1 C12 C22 0 . . . 0 x2
1 C13 C23 C33 . . . 0 x3
...

...
...

... · · · ...
...

1 C1n C2n C3n . . . Cn−1n xn

eeeeeeeeeeee
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Hu.́o.ng dẫn: Chú.ng minh Dn+1(x0, x1, . . . , xn) = Dn(x1 − x0, x2 − x1, . . . , xn − xn−1).
Bài 62 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeeee

1 C22 0 0 . . . 0
1 C23 C33 . . . 0
1 C24 C34 C44 . . . 0
· · · · · · · · · · · · · · · · · ·
1 C2n C3n C4n . . . Cnn
1 C2n+1 C3n+1 C4n+1 . . . Cnn+1

eeeeeeeeeee
Hu.́o.ng dẫn: Lấy hàng n trù. hàng n− 1, hàng n− 1 trù. d̄i hàng n− 2, . . . , hàng 2 trù. hàng 1. Sau d̄ó lấy hàng
thú. i, i = 2, 3, . . . , n nhân vó.i (−1)i−1 và cô.ng vào cô. t 1, su.’ du.ng

k3
i=1

(−1)iCin = −1. Khai triê’n theo hàng 1 ta
thu d̄u.o.. c Dn = Dn−1 + 1

D- áp số: n.

3. T́ınh d̄i.nh thú
.c bà̆ng cách tách hàng cô. t

Bài 63 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

x+ a1 a2 a3 . . . an
a1 x+ a2 a3 . . . an
a1 a2 x+ a3 . . . an
...

...
...

. . .
...

a1 a2 a3 . . . x+ an

eeeeeeeeee
D- áp số: xn + (a1 + a2 + · · ·+ an)xn−1.
Bài 64 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

x1 a2 a3 . . . an
a1 x2 a3 . . . an
a1 a2 x3 . . . an
...

...
...

. . .
...

a1 a2 a3 . . . xn

eeeeeeeeee
Hu.́o.ng dẫn: Tách xi = (xi − ai) + ai

D- áp số: (a1 − x1)(a2 − x2) . . . (an − xn)
p
1 +

a1
x1 − a1 +

a2
x2 − a2 + · · ·+

an
xn − an

Q
.

Bài 65 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

x+ 1 x x . . . x
x x+ 2 x . . . x
x x x+ 3 . . . x
...

...
...

. . .
...

x x x . . . x+ n

eeeeeeeeee
Hu.́o.ng dẫn: Tách dòng thú. i thành dòng (x, x, . . . x) và i(0, 0, . . . , 1, . . . , 0), khi d̄ó D d̄u.o.. c tách thành 2

n số ha.ng,

số ha.ng có ≥ 2 dòng chú.a x có giá tri. bà̆ng không.

D- áp số: n!
p
1 + x+

x

2
+
x

3
+ · · ·+ x

n

Q
.
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Bài 66 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

x+ 1 x x . . . x
x x+ 2 x . . . x
x x x+ 4 . . . x
...

...
...

. . .
...

x x x . . . x+ 2n

eeeeeeeeee
Hu.́o.ng dẫn: Tách dòng thú. i thành dòng (x, x, . . . x) và 2i(0, 0, . . . , 1, . . . , 0), khi d̄ó D d̄u.o.. c tách thành 2

n số

ha.ng, số ha.ng có ≥ 2 dòng chú.a x có giá tri. bà̆ng không.
D- áp số: 2

n(n+1)
2

�
1 + x

p
2− 1

2n

Q=
.

Bài 67 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

x+ 1 x x . . . x
x x+ 1

2 x . . . x
x x x+ 1

3 . . . x
...

...
...

. . .
...

x x x . . . x+ 1
n

eeeeeeeeeee
Hu.́o.ng dẫn: Tách dòng thú. i thành dòng (x, x, . . . x) và

1

i
(0, 0, . . . , 1, . . . , 0), khi d̄ó D d̄u.o.. c tách thành 2

n số

ha.ng, số ha.ng có ≥ 2 dòng chú.a x có giá tri. bà̆ng không.
D- áp số:

1

n!

�
1 +

n(n+ 1)

2
x
=
.

Bài 68 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

x+ 1 x x . . . x
x x+ a x . . . x
x x x+ a2 . . . x
...

...
...

. . .
...

x x x . . . x+ an

eeeeeeeeee
Hu.́o.ng dẫn: Tách dòng thú. i thành dòng (x, x, . . . x) và ai(0, 0, . . . , 1, . . . , 0), khi d̄ó D d̄u.o.. c tách thành 2

n số

ha.ng, số ha.ng có ≥ 2 dòng chú.a x có giá tri. bà̆ng không.

D- áp số: a
n(n+1)

2

�
1 + x

an+1 − 1
an(a− 1)

=
.

Bài 69 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
(x1 − a1)2 a22 . . . a2n

a21 (x2 − a2)2 . . . a2n
...

...
. . .

...
a21 a22 . . . (xn − an)2

eeeeeeee
Hu.́o.ng dẫn: Tách (xi − ai)2 = (x2i − 2xiai) + a2i , tù. d̄ó tách D thành 2n số ha.ng, các số ha.ng có ı́t ho

.n n− 1 cô. t
chú.a (x2i − 2xiai) có giá tri. bà̆ng không.

D- áp số:
�
1 +
3
i=1

a2i
x2i − 2aixi

= n�
i=1

(x2i − 2aixi).

Bài 70

D =

eeeeeeeeee

(x1 − a1)2 a1a2 a1a3 . . . a1an
a2.a1 (x2 − a2)2 a2a3 . . . a2an
a3a1 a3a2 (x3 − a3)2 . . . a3an
...

...
...

. . .
...

ana1 ana2 ana3 . . . (xn − an)2

eeeeeeeeee
24



Hu.́o.ng dẫn: Tách (xi − ai)2 = (x2i − 2xiai) + a2i , tù. d̄ó tách D thành 2n số ha.ng, các số ha.ng có ı́t ho
.n n− 1 cô. t

chú.a (x2i − 2xiai) có giá tri. bà̆ng không.

D- áp số:
�
1 +
3
i=1

a2i
x2i − 2aixi

= n�
i=1

(x2i − 2aixi).

Bài 71 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeee

0 1 1 1 . . . 1 1
x1 a1 0 0 . . . 0 0
x2 x2 a2 0 . . . 0 0
x3 x3 x3 a3 . . . 0 0
· · · · · · · · · · · · · · · · · · · · ·
xn xn xn xn . . . xn an

eeeeeeeeeee
Hu.́o.ng dẫn: Tách hàng 1: 0 = 1− 1
D- áp số: (a1 − x1)(a2 − x2) . . . (an − xn)− a1a2 . . . an.
Bài 72 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

x1 a1b2 a1b3 . . . a1bn
a2b1 x2 a2b3 . . . a2bn
a3b1 a3b2 x3 . . . a3bn
...

...
...

. . .
...

anb1 anb2 anb3 . . . xn

eeeeeeeeee
Hu.́o.ng dẫn: Tách xi = (xi − aibi) + aibi
D- áp số: (x1 − a1b1)(x2 − a2b2) . . . (xn − anbn)

p
1 +

a1b1
x1

+
a2b2
x2

+ · · ·+ anbn
xn

Q
.

Bài 73 T́ınh d̄i.nh thú
.c

D =

eeeeeee
1 + x1y1 1 + x1y2 . . . 1 + x1yn
1 + x2y1 1 + x2y2 . . . 1 + x2yn
· · · · · · · · · · · ·

1 + xny1 1 + xny2 . . . 1 + xnyn

eeeeeee
Hu.́o.ng dẫn: Vó.i n ≥ 3 tách hàng thú. i cu’a D thành hai hàng (1, 1, . . . , 1) và (xiy1, xiy2, . . . , xiyn), khi d̄óD
tách thành 2n d̄i.nh thú

.c. Các d̄i.nh thú
.c d̄ó có ı́t nhất hai hàng tı’ lê. nên có giá tri. bà̆ng không, suy ra D = 0.

n = 1, n = 2 t́ınh tru.. c tiếp. Có thê’ chı’ tách hàng 1 rò̂i dùng phép khu
.’ .

Bài 74 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
1 + a1 + b1 a1 + b2 . . . a1 + bn
a2 + b1 1 + a2 + b2 . . . a2 + bn
...

...
. . .

...
an + b1 an + b2 . . . 1 + an + bn

eeeeeeee
Hu.́o.ng dẫn: Tách hàng thú. i thành hai hàng (0, 0, . . . , 1, . . . , 0) và (ai + b1, ai + b2, . . . , ai + bn), tù. d̄ó tách D
thành 2n số ha.ng. Mỗi số ha.ng có ı́t ho

.n n− 2 hàng d̄o.n vi. th̀ı có giá tri. bà̆ng không (Tu.o.ng tu.. bài 73).

D- áp số: 1 +
n3
i=1

(ai + bi) +
3

1≤i<k≤n
(ai − ak)(bi − bk).

Bài 75 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
x1y1 1 + x1y2 . . . 1 + x1yn

1 + x2y1 x2y2 . . . 1 + x2yn
...

...
. . .

...
1 + xny1 1 + xny2 . . . xnyn

eeeeeeee
25



Hu.́o.ng dẫn: Su.’ du.ng xiyi = (−1) + (1 + xiyi) và tách d̄i.nh thú.c tu.o.ng tu.. bài 74.

D- áp số: (−1)n
�
1− n−

n3
i=1

xiyi +
3

1≤i<k≤n
(xi − xk)(yi − yk)

=
.

Bài 76 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
x1 + a1b1 a1b2 . . . a1bn
a2b1 x2 + a2b2 . . . a2bn
...

...
. . .

...
anb1 anb2 . . . xn + anbn

eeeeeeee
Hu.́o.ng dẫn: Tách các cô. t

D- áp số: x1x2 . . . xn

p
1 +

n3
i=1

aibi
xi

Q
.

Bài 77 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
ap − x ap+1 − x . . . ap+n−1 − x
ap+n − x ap+n+1 − x . . . ap+2n−1 − x
...

...
. . .

...
ap+n(n−1) − x ap+n(n−1)+1 − x . . . ap+n

2−1 − x

eeeeeeee
Hu.́o.ng dẫn: Tách dòng thú. i thành hiê.u hai dòng a

p+(i−1)n(1, , . . . , an) và x(1, 1, . . . , 1), khi d̄ó D d̄u.o.. c tách

thành 2n số ha.ng. n ≥ 3 các số ha.ng d̄è̂u bà̆ng không. n = 1, 2 t́ınh tru.. c tiếp.
Bài 78 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

1− x a a2 . . . an−1

a a2 − x a3 . . . an

a2 a3 a4 − x . . . an+1

...
...

...
. . .

...
an−1 an an+1 . . . a2n−2 − x

eeeeeeeeee
Hu.́o.ng dẫn: Tách hàng thú. i thành hai hàng ai−1(1, a, . . . , an−1) và (0, 0, . . . ,−x, . . . , 0), khi d̄ó D tách thành

tô’ng 2n số ha.ng, mỗi số ha.ng có ≤ n− 2 dòng chú.a x th̀ı có giá tri. bà̆ng không.

D- áp số: (−1)n
�
xn − xn−1 a

2n − 1
a2 − 1

=
4. D- i.nh thú

.c Vandermon

Bài 79 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

x1
x1 − 1

x2
x2 − 1 . . .

xn
xn − 1

x1 x2 . . . xn
x21 x22 . . . x2n
· · · · · · · · · · · ·
xn−11 xn−12 . . . xn−1n

eeeeeeeeee
Hu.́o.ng dẫn: Su.’ du.ng x

k
i = (x

k
i − xk−1i )

xi
xi − 1 d̄ê

’ rút thù.a số
xi

xi − 1 ra kho
’i cô. t i, phà̂n còn la. i d̄u

.a vè̂ d̄u.o.. c d̄i.nh

thú.c Vandermon

D- áp số:

n�
i=1

xi
xi − 1

�
1≤i<j≤n

(xi − xj).
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Bài 80 T́ınh d̄i.nh thú
.c

D =

eeeeeee
an1 an−11 b1 an−21 b21 . . . bn1
an2 an−12 b2 an−22 b22 . . . bn2
· · · · · · · · · · · · · · ·
ann+1 an−1n+1bn+1 an−2n+1b

2
n+1 . . . bnn+1

eeeeeee
Hu.́o.ng dẫn: Vó.i bi W= 0 ta rút thù.a số bni ra kho’i hàng thú. i, thu d̄u.o.. c d̄i.nh thú.c Vandermon.
D- áp số:

�
1≤i<k≤n

(aibk − akbi).

Bài 81 T́ınh d̄i.nh thú
.c

D =

eeeeeee
a1 x1 x21 . . . xn−11

a2 x2 x22 . . . xn−12

· · · · · · · · · · · · · · ·
an xn x2n . . . xn−1n

eeeeeee
Hu.́o.ng dẫn: Khai triê’n d̄i.nh thú

.c theo cô. t 1, các số ha.ng thu d̄u
.o.. c d̄è̂u là d̄i.nh thú

.c Vandermon

D- áp số: (−1)n−1
n�
i=1

xi
�

1≤i<k≤n
(xk − xi)

} n3
i=1

ai
xif I(xi)

]
o.’ d̄ây f(x) = (x− x1)(x− x2) . . . (x− xn).

Bài 82 T́ınh d̄i.nh thú
.c

D =

eeeeeee
1 x1 x21 . . . xn−21 xn1
1 x2 x22 . . . xn−22 xn2
· · · · · · · · · · · · · · · · · ·
1 xn x2n . . . xn−2n xnn

eeeeeee
Hu.́o.ng dẫn: Xét d̄i.nh thú

.c Vandermon

D =

eeeeeeeee
1 x1 x21 . . . xn1
1 x2 x22 . . . xn2
· · · · · · · · · · · · · · ·
1 xn x2n . . . xnn
1 y y2 . . . yn

eeeeeeeee
Khai triê’n d̄i.nh thú

.c theo hàng cuối, suy ra hê. số cu’a y
n−1 là (−1)D.

D- áp số: (x1 + x2 + · · ·+ xn)
�

1≤i<j≤n
(xj − xi).

Bài 83 T́ınh d̄i.nh thú
.c

D =

eeeeeee
1 x21 x31 . . . xn1
1 x22 x32 . . . xn2
· · · · · · · · · · · · · · ·
1 x2n x3n . . . xnn

eeeeeee
Hu.́o.ng dẫn: Xét d̄i.nh thú

.c Vandermon

D =

eeeeeeeee
1 x1 x21 . . . xn1
1 x2 x22 . . . xn2
· · · · · · · · · · · · · · ·
1 xn x2n . . . xnn
1 y y2 . . . yn

eeeeeeeee
Khai triê’n d̄i.nh thú

.c theo hàng cuối, suy ra hê. số cu’a y là (−1)n+3D.
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D- áp số: x1x2 . . . xn

p 1
x1
+
1

x2
+ · · ·+ 1

xn

Q �
1≤i<j≤n

(xj − xi).

Bài 84 T́ınh d̄i.nh thú
.c

D =

eeeeeee
1 x1(x1 − 1) x21(x1 − 1) . . . xn−11 (x1 − 1)
1 x2(x2 − 1) x22(x2 − 1) . . . xn−12 (x2 − 1)
· · · · · · · · · · · · · · ·
1 xn(xn − 1) x2n(xn − 1) . . . xn−1n (xn − 1)

eeeeeee
Hu.́o.ng dẫn: Su.’ du.ng 1 = xi − (xi − 1) d̄ê’ tách cô. t 1, D tách thành hiê.u, rút thù

.a số chung trong các hàng cu’a

mỗi số ha.ng thu d̄u
.o.. c d̄i.nh thú

.c Vandermon

D- áp số: [x1x2 . . . xn − (x1 − 1)(x2 − 1) . . . (xn − 1)]
�

1≤i<j≤n
(xj − xi).

Bài 85 T́ınh d̄i.nh thú
.c

D =

eeeeeee
1 + x1 1 + x21 . . . 1 + xn1
1 + x2 1 + x22 . . . 1 + xn2
· · · · · · · · · · · ·

1 + xn 1 + x2n . . . 1 + xnn

eeeeeee
Hu.́o.ng dẫn: Lấy cô. t n trù

. cô. t n−1, cô. t n−1 trù. cô. t n−2, . . . , cô. t 2 trù. cô. t 1. Sau d̄ó su.’ du.ng 1 = xi−(xi−1)
d̄ê’ tách cô. t 1, D tách thành hiê.u, rút thù

.a số chung trong các hàng cu’a mỗi số ha.ng thu d̄u
.o.. c d̄i.nh thú

.c Vandermon

D- áp số: [2x1x2 . . . xn − (x1 − 1)(x2 − 1) . . . (xn − 1)]
�

1≤i<j≤n
(xj − xi).

Bài 86 T́ınh d̄i.nh thú
.c

D =

eeeeeee
1 cosϕ1 cos 2ϕ1 . . . cos(n− 1)ϕ1
1 cosϕ2 cos 2ϕ2 . . . cos(n− 1)ϕ2
· · · · · · · · · · · · · · ·
1 cosϕn cos 2ϕn . . . cos(n− 1)ϕn

eeeeeee
Hu.́o.ng dẫn: Biê’u diẽ̂n cos kϕ thành d̄a thú.c cu’a cosϕ vó.i số ha.ng cấp cao nhất là 2

k cosk ϕ (có thê’ dùng công

thú.c Moarvo. và d̄ă’ ng thú.c 1 + C2k + C
4
k + · · · = 2k−1)

D- áp số: 2(n−1)
2 �
1≤i<j≤n

sin
ϕi + ϕj
2

sin
ϕi − ϕj
2

.

Bài 87 T́ınh d̄i.nh thú
.c

D =

eeeeeee
sinϕ1 sin 2ϕ1 . . . sinnϕ1
sinϕ2 sin 2ϕ2 . . . sinnϕ2
· · · · · · · · · · · ·
sinϕn sin 2ϕn . . . sinnϕn

eeeeeee
Hu.́o.ng dẫn: Biê’u diẽ̂n sin kϕ thành t́ıch cu’a sinϕ và mô. t d̄a thú

.c cu’a cosϕ vó.i số ha.ng cấp cao nhất là

2k−1 cosk−1 ϕ

D- áp số: 2n(n−1) sinϕ1 sinϕ2 . . . sinϕn
�

1≤i<j≤n
sin

ϕi + ϕj
2

sin
ϕi − ϕj
2

.

Bài 88 Gia’ su.’ a1, a2, . . . , an là các số nguyên. D- ă. t

D =

eeeeeeee
1 1 . . . 1
a1 a2 . . . an
...

...
. . .

...
an−11 an−12 . . . an−1n

eeeeeeee
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Chú.ng minh rà̆ng D chia hết cho
n−13
s=1

s!.

5. Phu.o.ng pháp nhân tu.’ hoá

Bài 89 T́ınh d̄i.nh thú
.c

D =

eeeeee
(a1 + b1)

−1 (a1 + b2)
−1 . . . (a1 + bn)

−1

· · · · · · · · · · · ·
(an + b1)

−1 (an + b2)
−1 . . . (an + bn)

−1

eeeeee
Hu.́o.ng dẫn: Nếu bi = bj , i W= j th̀ı D = 0 nên D chú.a thù.a số (bj − bi). vv...

Cách khác: Rút thù.a số chung
1

ai + bn
tù. hàng thú. i ra ngoài. Sau d̄ó lấy các hàng 1, 2, . . . , n− 1 trù. d̄i hàng n.

Su.’ du.ng biến d̄ô’i
ai + bn
ai + bj

− an + bn
an + bj

=
(an − ai)(bn − bj)
(ai + bj)(an + bj)

. Rút thù.a số chung (an − ai) kho’i hàng i và thù.a số
bn − bj
an + bj

kho’i cô. t j ta d̄u
.o.. c

Dn =
1

an + bn

n−1�
i=1

(an − ai)(bn − bi)
(an + bi)(ai + bn)

Dn−1.

D- áp số:

�
1≤i<j≤n

[(aj − ai)(bj − bi)]
n�

i,j=1

(ai + bj)

.

Bài 90 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
1

x1 − a1
1

x1 − a2 . . .
1

x1 − an· · · · · · · · · · · ·
1

xn − a1
1

xn − a2 . . .
1

xn − an

eeeeeeee
Hu.́o.ng dẫn xem bài tru.́o.c.

D- áp số:

�
1≤i<j≤n

[(xi − xj)(aj − ai)]
n�

i,j=1

(xi − aj)
.

Bài 91 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeeeeeee

1
1

2

1

3
. . .

1

n
1

2

1

3

1

4
. . .

1

n+ 1
1

3

1

4

1

5
. . .

1

n+ 2
...

...
...

. . .
...

1

n

1

n+ 1

1

n+ 2
. . .

1

2n

eeeeeeeeeeeeeeee
Hu.́o.ng dẫn: Xem bài tru.́o.c

D- áp số:
[1!2!3! . . . (n− 1)!]3

n!(n+ 1)!(n+ 2)! . . . (2n− 1)! .
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6. T́ınh d̄i.nh thú
.c bà̆ng phép phân t́ıch ma trâ.n thành t́ıch hai ma trâ.n

Bài 92 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeeeeee

1− an1 bn1
1− a1b1

1− an1 bn2
1− a1b2 . . .

1− an1 bnn
1− a1bn

1− an2 bn1
1− a2b1

1− an2 bn2
1− a2b2 . . .

1− an2 bnn
1− a2bn

...
...

. . .
...

1− annbn1
1− anb1

1− annbn2
1− anb2 . . .

1− annbnn
1− anbn

eeeeeeeeeeeee
Hu.́o.ng dẫn: Phân t́ıch d̄i.nh thú

.c thành t́ıch cu’a hai d̄i.nh thú
.c Vandermon cu’a hai bô. số (a1, a2, . . . , an) và

(b1, b2, . . . , bn)

D- áp số:
�

1≤i<j≤n
(aj − ai)(bj − bi).

Bài 93 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
(a0 + b0)

n (a0 + b1)
n . . . (a0 + bn)

n

(a1 + b0)
n (a1 + b1)

n . . . (a1 + bn)
n

...
...

. . .
...

(an + b0)
n (an + b1)

n . . . (an + bn)
n

eeeeeeee
Hu.́o.ng dẫn: Tu.o.ng tu.. bài tru

.́oc

D- áp số: C1nC
2
n . . . C

n
n

�
1≤i<j≤n

(aj − ai)(bj − bi).

Bài 94 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
1n−1 2n−1 . . . nn−1

2n−1 3n−1 . . . (n+ 1)n−1
...

...
. . .

...
nn−1 (n+ 1)n−1 . . . (2n− 1)n−1

eeeeeeee
Hu.́o.ng dẫn: Xem bài tru.́o.c

D- áp số: (−1)n(n−1)2 [(n− 1)!].
Bài 95 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

s0 s1 s2 . . . sn−1
s1 s2 s3 . . . sn
s2 s3 s4 . . . sn+1
...

...
...

. . .
...

sn−1 sn sn+1 . . . s2n−2

eeeeeeeeee
, sk = x

k
1 + x

k
2 + · · ·+ xkn.

Hu.́o.ng dẫn: Biê’u diẽ̂n du.́o.i da.ng t́ıch cu’a hai d̄i.nh thú
.c Vandermon cu’a bô. số x1, x2, . . . , xn

D- áp số:
�

1≤i<j≤n
(xj − xi)2.

Bài 96 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

s0 s1 s2 . . . sn−1 1
s1 s2 s3 . . . sn x
s2 s3 s4 . . . sn+1 x2

...
...

... · · · ...
...

sn sn+1 sn+2 . . . s2n−1 xn

eeeeeeeeee
, sk = x

k
1 + x

k
2 + · · ·+ xkn.
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Hu.́o.ng dẫn: Biê’u diẽ̂n du.́o.i da.ng t́ıch hai d̄i.nh thú
.ceeeeeeeeeee

1 1 . . . 1 1
x1 x2 . . . xn x
x21 x22 . . . x2n x2

. . . . . . . . . . . . . . .
xn−11 xn−12 . . . xn−1n xn−1

xn1 xn2 . . . xnn xn

eeeeeeeeeee
và

eeeeeeeeeee

1 1 . . . 1 0
x1 x2 . . . xn 0
x21 x22 . . . x2n 0
. . . . . . . . . . . . . . .
xn−11 xn−12 . . . xn−1n 0
0 0 . . . 0 1

eeeeeeeeeee
D- áp số:

n�
i=1

(x− xi)
�

1≤i<j≤n
(xj − xi)2.

Bài 97 T́ınh d̄i.nh thú
.c

D =

eeeeeee
−x a b c
a −x c b
b c −x a
c b a −x

eeeeeee
Hu.́o.ng dẫn: Nhân vào bên trái cu’a d̄i.nh thú

.c d̄ã cho d̄i.nh thú
.c saueeeeeee

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

eeeeeee
D- áp số (a+ b+ c− x)(c− a− b− x)(a− b− c− x)(b− a− c− x).

Bài 98 Chú.ng minh rà̆ng

eeeeeeeeee

a1 a2 a3 . . . an
an a1 a2 . . . an−1
an−1 an a1 . . . an−2
...

...
...

. . .
...

a2 a3 a4 . . . a1

eeeeeeeeee
= f(ε1)f(ε2) . . . f(εn),

trong d̄ó f(x) = a1 + a2x+ · · ·+ anxn−1 và ε1, ε2, . . . , εn là các căn bâ.c n cu’a d̄o.n vi..
Hu.́o.ng dẫn: Nhân vào bên pha’i d̄i.nh thú

.c d̄ã cho d̄i.nh thú
.c Vandermoneeeeeee

1 ε1 ε21 . . . εn−11

1 ε2 ε22 . . . εn−12

. . . . . . . . . . . . . . .
1 εn ε2n . . . εn−1n

eeeeeee
Bài 99 Chú.ng minh rà̆ng

eeeeeeeeee

a1 a2 a3 . . . an
a2 a3 a4 . . . a1
a3 a4 a5 . . . a2
...

...
...

. . .
...

an a1 a2 . . . an−1

eeeeeeeeee
= (−1) (n−1)(n−2)2 f(ε1)f(ε2) . . . f(εn),

trong d̄ó f(x) = a1 + a2x+ · · ·+ anxn−1 và ε1, ε2, . . . , εn là các căn bâ.c n cu’a d̄o.n vi..
Hu.́o.ng dẫn: Xem bài tru.́o.c
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Bài 100 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

1 a a2 . . . an−1

an−1 1 2 . . . an−2

an−2 an−1 1 . . . an−3
...

...
...

. . .
...

a a2 a3 . . . 1

eeeeeeeeee
Hu.́o.ng dẫn: Áp du.ng bài 93. D- ối chiếu vó

.i bài 31.

D- áp số: (1− an)n−1.
Bài 101 T́ınh d̄i.nh thú

.c

D =

eeeeeeeeee

1 C1n C2n . . . Cn−1n 1
1 1 C1n . . . Cn−2n Cn−1n

Cn−1n 1 1 . . . Cn−3n Cn−2n
...

...
... · · · ...

...
C1n C2n C3n . . . 1 1

eeeeeeeeee
D- áp số: [1 + (−1)n]n =

+
0 nếu n le’

2n nếu n chẵn
.

Bài 102 T́ınh d̄i.nh thú
.c

D =

eeeeeee
a b c d
d a b c
c d a b
b c d a

eeeeeee
Hu.́o.ng dẫn: Su.’ du.ng bài 99

Bài 103 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
cos θ cos 2θ cos 3θ . . . cosnθ
cosnθ cos θ cos 2θ . . . cos(n− 1)θ
...

...
... · · · ...

cos 2θ cos 3θ cos 4θ . . . cos θ

eeeeeeee
Hu.́o.ng dẫn: Áp du.ng bài 99

D- áp số:
[cos θ − cos(n+ 1)θ]n − (1− cosnθ)n

2(1− cos θ) = 2n−2 sinn−2
nθ

2

�
sinn

(n+ 2)θ

2
− sinn nθ

2

=
.

Bài 104 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

12 22 32 . . . n2

n2 12 22 . . . (n− 1)2
(n− 1)2 n2 12 . . . (n− 2)2
...

...
...

. . .
...

22 32 42 . . . 12

eeeeeeeeee
Hu.́o.ng dẫn: Áp du.ng bài 99

D- áp số: (−1)n−1 (n+ 1)(2n+ 1)n
n−2

12
[(n+ 2)n − nn].
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Bài 105 T́ınh d̄i.nh thú
.c

D =

eeeeeeeeee

a1 a2 a3 . . . an
−an a1 a2 . . . an−1
−an−1 −an a1 . . . an−2
...

...
...

. . .
...

−a2 −a3 −a4 . . . a1

eeeeeeeeee
Hu.́o.ng dẫn: Nhân vào bên trái d̄i.nh thú

.c d̄ã cho d̄i.nh thú
.c Vandermoneeeeeee

1 η1 η21 . . . ηn−11

1 η2 η22 . . . ηn−12

. . . . . . . . . . . . . . .
1 ηn η2n . . . ηn−1n

eeeeeee
trong d̄ó η1, η2, . . . , ηn là các căn bâ.c n cu’a −1
D- áp số: f(η1)f(η2) . . . f(ηn) vó.i f(x) = a1 + a2x+ · · ·+ anxn−1.
Bài 106 T́ınh d̄i.nh thú

.ceeeeeeeeeeee

1 1 1 1 . . . 1
1 ε ε2 ε3 . . . εn−1

1 ε2 ε4 ε6 . . . ε2(n−1)

1 ε3 ε6 ε9 . . . ε3(n−1)
...

...
...

...
. . .

...
1 εn−1 ε2(n−1) ε3(n−1) . . . ε(n−1)

2

eeeeeeeeeeee
o.’ d̄ây ε = cos

2π

n
+ i sin

2π

n
.

Hu.́o.ng dẫn: Su.’ du.ng

D2 =

eeeeeeeee
n 0 . . . 0 0
0 0 . . . 0 n
0 0 . . . n 0
. . . . . . . . . . . . . . .
n 0 . . . 0 0

eeeeeeeee = (−1)
C2
n−1nn

suy ra D = ±iC2
n−1n

n
2 và su.’ du.ng kết qua’ cu’a d̄i.nh thú

.c Vandermon

D- áp số: (−1)C2
niC

2
n−1n

n
2 = i

(n−1)(3n−2)
2 n

n
2 .

Bài 107 T́ınh d̄i.nh thú
.c ma trâ.n A = (aij)n×n vó

.i aij =
1

(i+ j − 1)!

Hu.́o.ng dẫn: rút các thù.a số
1

n!
tù hàng 1,

1

(n+ 1)!
tù. hàng 2,. . . ,

1

(2n− 1)! tù
. hàng n, thù.a số (n− 1)! tù. cô. t

1, thù.a số (n− 2)! tù. cô. t 2, . . . , thù.a số 1! tù. cô. t n, ta d̄u.o.. c

detA =
1!2! . . . (n− 1)!

(n+ 1)!(n+ 2)! . . . (2n− 1)!

eeeeeeeee
C1n C2n . . . Cnn
C2n+1 C3n+2 . . . Cn+1n+1
...

...
. . .

...

Cn2n−1 Cn+12n−1 . . . C2n−12n−1

eeeeeeeee
Sau d̄ó lấy các hàng 2, 3, . . . , n trù. d̄i hàng ph́ıa trên cu’a nó. Tiếp theo lấy các hàng 3, 4, . . . , n trù. d̄i hàng ph́ıa
trên d̄ó. Cú. tiếp tu. c nhu

. vâ.y ta thu d̄u
.o.. c d̄i.nh thú

.c tam giác .

D- áp số: (−1)n(n+3)2
1!2! . . . (n− 1)!

(n+ 1)!(n+ 2)! . . . (2n− 1)! .

Bài 108 Gia’ su.’ m và n là các số tu.. nhiên, m > 1, x0, x1, . . . , xm−1 là các số thu.. c. Gia’
su.’ Am,n = {cij}m

n−1
i,j=0 là ma trâ.n vuông cõ

. mn vó.i các phà̂n tu.’ cij = xj0i0x
j1
i1
. . . x

jn−1
in−1 trong d̄ó

33



i0, i1, . . . , in−1; j0, j1, . . . , jn−1 là các số nguyên trong d̄oa.n [0,m− 1] xác d̄i.nh tù. các d̄ă’ ng thú.c

i = i0 +m.i1 +m
2.i2 + · · ·+mn−1.in−1

j = j0 +m.j1 +m
2.j2 + · · ·+mn−1.jn−1

T́ınh d̄i.nh thú
.c cu’a ma trâ.n Am,n.

Bài 109 T́ınh d̄i.nh thú
.c

D =

eeeeeeee
P (x) P (x+ 1) . . . P (x+ n)
P I(x) P I(x+ 1) . . . P I(x+ n)
...

...
. . .

...
P (n)(x) P (n)(x+ 1) . . . P (n)(x+ n)

eeeeeeee
vó.i P (x) = x(x+ 1) . . . (x+ n) và n ∈ N.
Hu.́o.ng dẫn: Nếu P (x) = a0x

n + a1x
n−1 + · · ·+ an−1x+ an th̀ı

D =

eeeeeeeeee

a0 a1 a2 . . . an
0 na0 (n− 1)a1 . . . a1
0 0 n(n− 1)a0 . . . 2a2
...

...
...

. . .
...

0 0 0 . . . n!a0

eeeeeeeeee

eeeeeeeeee

xn (x+ 1)n (x+ 2)n . . . (x+ n)n

xn−1 (x+ 1)n−1 (x+ 2)n−1 . . . (x+ n)n−1

xn−2 (x+ 1)n−2 (x+ 2)n−2 . . . (x+ n)n−2
...

...
...

. . .
...

1 1 1 . . . 1

eeeeeeeeee
Bài 110 a) Cho P = (pij)n×n vó.i pij = 1 nếu i chia hết cho j, và pij = 0 nếu i không chia hết
cho j. Hãy t́ınh detP .

b) Cho Q = (qij)n×n vó.i qij là u.́o.c số chung ló.n nhất cu’a i và j. Hãy t́ınh detQ.

7. D- ă’ ng thú.c và bất d̄ă’ ng thú.c cu’a d̄i.nh thú
.c

Bài 111 Không t́ınh giá tri. cu’a các d̄i.nh thú
.c hãy chú.ng minh d̄ă’ ng thú.c

eeeeeeeee
a1 b1 0 0 . . . 0 0
c1 a2 b2 0 . . . 0 0
0 b2 a3 c3 . . . 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 . . . bn−1 an

eeeeeeeee =
eeeeeeeee
a1 b1c1 0 0 . . . 0 0
1 a2 b2c2 0 . . . 0 0
0 1 a3 c3b3 . . . 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 . . . 1 an

eeeeeeeee
Hu.́o.ng dẫn: Chú.ng minh bà̆ng quy na.p

Bài 112 Cho sk = xk1 + x
k
2 + · · ·+ xkn (k = 1, 2, 3, . . .)

p = x1x2 . . . xn.

Chú.ng minh rà̆ng

eeeeeeeeee

n+ 1 s1 s2 . . . sn
s1 s2 s3 . . . sn+1
s2 s3 s4 . . . sn+2
...

...
...

. . .
...

sn sn+1 sn+2 . . . s2n

eeeeeeeeee
= p2

eeeeeeeeee

n s1 s2 . . . sn−1
s1 s2 s3 . . . sn
s2 s3 s4 . . . sn+1
...

...
...

. . .
...

sn−1 sn sn+1 . . . s2n−1

eeeeeeeeee
Hu.́o.ng dẫn: Biê’u diẽ̂n VT là b̀ınh phu.o.ng d̄i.nh thú

.c Vandermon cu’a bô. số 0, x1, x2, . . . , xn.
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Bài 113 Chú.ng minh rà̆ng nếu

D(x) =

eeeeeeee
a11 − x a12 . . . a1n
a21 a22 − x . . . a2n
...

...
. . .
...

an1 an2 . . . ann − x

eeeeeeee
th̀ı t́ıch D(x)D(−x) có thê’ biê’u diẽ̂n d̄u.o.. c du.́o.i da.ngeeeeeeee

A11 − x2 A12 . . . A1n
A21 A22 − x2 . . . A2n
...

...
. . .
...

An1 An2 . . . Ann − x2

eeeeeeee
o.’ d̄ây Aij không phu. thuô.c vào x. T́ınh Aij thông qua akl.

D- áp số: Aij =
n3
k=1

aikakj .

Bài 114 Cho d̄i.nh thú
.c

D =

eeeeeeee
a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

eeeeeeee
và go. i Aij là phà̂n bù d̄a. i số cu’a aij. Chú

.ng minh rà̆ngeeeeeeeeee

a11 a12 . . . a1n x1
a21 a22 . . . a2n x2
...

...
. . .

...
...

an1 an2 . . . ann xn
y1 y2 . . . yn z

eeeeeeeeee
= Dz −

n3
i,j=1

Aijxiyj .

Hu.́o.ng dẫn: Khai triê’n theo dòng cuối và cô. t cuối.

Bài 115 Chú.ng minh rà̆ng d̄ối vó.i ma trâ.n cõ
. 10× 10

A =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...
. . .

...
0 0 0 . . . 1

10−10 0 0 . . . 0


chúng ta có det(A− λE) = λ10 − 1010.
Hu.́o.ng dẫn: Khai triê’n theo cô.t 1.

Bài 116 Chú.ng minh rà̆ng n ≥ 3 th̀ı

eeeeeee
c11 c12 . . . c1n
. . . . . . . . . . . .
. . . . . . . . . . . .
cn1 cn2 . . . cnn

eeeeeee =
1

cn−211

eeeeeeeeee

eeee c11 c12
c21 c22

eeee eeee c11 c13
c21 c23

eeee . . .

eeee c11 c1n
c21 c2n

eeee
. . . . . . . . . . . .
. . . . . . . . . . . .eeee c11 c12

cn1 cn2

eeee eeee c11 c13
cn1 cn3

eeee . . .

eeee c11 c1n
cn1 cnn

eeee

eeeeeeeeee
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Hu.́o.ng dẫn: Biến d̄ô’i:

V T =
1

cn−111

eeeeeeee
c11 c12 . . . c1n
c11c21 c11c22 . . . c11c2n
...

...
. . .

...

c11cn1 c11cn2 . . . c11cnn

eeeeeeee =
1

cn−111

eeeeeeee
c11 c12 . . . c1n
0 c11c22 − c21c12 . . . c11c2n − c21c1n
...

...
. . .

...

0 c11cn2 − cn1c12 . . . c11cnn − cn1c1n

eeeeeeee = V F.
Bài 117 T̀ım tô’ng tất ca’ các d̄i.nh thú

.c cấp n trong d̄ó trên mỗi dòng và mỗi cô. t có mô. t
phà̂n tu.’ bà̆ng 1 còn la. i bà̆ng 0. Có bao nhiêu d̄i.nh thú

.c nhu. vâ.y.

Hu.́o.ng dẫn: Chı’ ra rà̆ng tô’ng là giá tri. cu’a d̄i.nh thú
.c có các phà̂n tu.’ d̄è̂u là 1 nên có kết qu’a bà̆ng không. Số số

ha.ng bà̆ng số các phép thế bâ.c n.

Bài 118 Chú.ng minh rà̆ng d̄i.nh thú
.c

D =

eeeeeeeee
1 1 . . . 1

x1 + y1 x2 + y1 . . . xn + y1
(x1 + y1)(x1 + y2) (x2 + y1)(x2 + y2) . . . (xn + y1)(xn + y2)

. . . . . . . . . . . .
(x1 + y1) . . . (x1 + yn−1) (x2 + y1) . . . (x2 + yn−1) . . . (xn + y1) . . . (xn + yn−1)

eeeeeeeee
không phu. thuô.c vào y1, y2, . . . , yn−1.

Hu.́o.ng dẫn: Bu.́o.c 1: lấy dòng 2 trù. y1 dòng 1, dòng 3 trù. y2 dòng 2, . . . , dòng n trù. yn−1 dòng n− 1.
Bu.́o.c 2: dòng 3 trù. y1 dòng 2, dòng 4 trù. y2 dòng 3,. . .

Bài 119 Chú.ng minh d̄ă’ ng thú.ceeeeeeee
s− a1 s− a2 . . . s− an
s− an s− a1 . . . s− an−1
...

...
. . .

...
s− a2 s− a3 . . . s− a1

eeeeeeee = (−1)
n−1(n− 1)

eeeeeeee
a1 a2 . . . an
an a1 . . . an−1
...

...
. . .

...
a2 a3 . . . a1

eeeeeeee
o.’ d̄ây s = a1 + a2 + · · ·+ an.
Hu.́o.ng dẫn: Lấy các cô. t 2, 3, . . . , n cô.ng vào cô. t 1, sau d̄ó rút thù

.a số chung tù. cô. t 1 ra ngoài. Sau d̄ólấy cô. t
2, 3, . . . , n trù. cô. t 1...

Bài 120 Liê.u có tò̂n ta. i ma trâ.n cấp 12× 12 chı’ gò̂m các số −1, 0, 1 có d̄i.nh thú.c bà̆ng 1981.
Hu.́o.ng dẫn: Phân t́ıch 1981 = 210 + a12

9 + · · ·+ a9.2 + a10, ai = 0, 1. Xét d̄i.nh thú.c:eeeeeeeeeeeee

1 a1 a2 a3 . . . a10 0
−1 1 1 1 . . . 1 1
0 −1 1 1 . . . 1 1
0 0 −1 1 . . . 1 1
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 1 1
0 0 0 0 . . . −1 1

eeeeeeeeeeeee
=

eeeeeeeeeeeee

1 a1 a2 a3 . . . a10 0
−1 2 0 0 . . . 0 0
0 −1 2 0 . . . 0 0
0 0 −1 2 . . . 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 2 0
0 0 0 0 . . . −1 1

eeeeeeeeeeeee
Liên tiếp khai triê’n theo cô. t cuối ta thu d̄u

.o.. c giá tri. d̄i.nh thú
.c là 1981.

Bài 121 Chú.ng minh rà̆ng khi n ≥ 3, d̄i.nh thú.c D cấp n có tất ca’ các phà̂n tu.’ bà̆ng 1 hoă.c
−1 luôn tho’a mãn bất d̄ă’ ng thú.c |D| ≤ (n− 1)(n− 1)!.
Hu.́o.ng dẫn: Chú.ng minh bà̆ng quy na.p

Vó.i n = 3, trong các d̄i.nh thú
.c có các phà̂n tu.’ là ±1 có giá tri. khác không ta có thê’ d̄ô’i dấu các hàng 1, 2, 3, sau

d̄ó d̄ô’i dấu cô. t 2, 3 (chı’ làm d̄i.nh thú
.c d̄ô’i dấu) d̄ê’ thu d̄u.o.. c mô.t trong hai tru

.̀o.ng ho.. p

36



eeeeee
1 1 1
1 −1 1
1 1 −1

eeeeee = 4 hoă.c

eeeeee
1 1 1
1 1 −1
1 −1 −1

eeeeee = −4
Nhu. vâ.y |D| ≤ 4 = (3− 1)(3− 1)!
Su.’ du.ng gia’ thiết quy na.p và khai triê’n D theo dòng 1

|D| = | ±M11 ±M12 ± · · · ±M1n| ≤ |M11|+ |M12|+ · · ·+ |M1n| ≤ n(n− 2)(n− 2)! < (n− 1)(n− 1)!
(v̀ı n(n− 2) < (n− 1)2). Ta có kết qua’.

Bài 122 T̀ım giá tri. ló
.n nhất cu’a d̄i.nh thú

.c cấp 3 có hai phà̂n tu.’ bà̆ng 4 các phà̂n tu.’ còn la. i
là 1 hoă.c −1.

Hu.́o.ng dẫn: D- i.nh thú
.c

eeeeee
4 1 −1
−1 1 1
1 −1 4

eeeeee = 25 và ta sẽ chı’ ra d̄ó là giá tri. cà̂n t̀ım.
TH1: Nếu hai phà̂n tu.’ 4 thuô.c cùng mô.t hàng hay mô.t cô. t th̀ı phà̂n bù d̄. a. i số cu’a các phà̂n tu

.’ thuô.c hàng (cô. t) d̄ó

có giá tri. tuyê.t d̄ối không quá 2 nên d̄i.nh thú
.c không quá 4.2 + 4 > 2 + 1.2 = 18

TH2: Nếu hai phà̂n tu.’ 4 không cùng hàng cùng cô. t. Ta thấy tô’ng các giá tri. tuyê.t d̄ối cu’a các số ha.ng trong khai
triê’n Sarius là 16+ 4+4+ 1+ 1+ 1 = 27 và giá tri. d̄i.nh thú

.c là 27 nếu các số ha.ng cùng du
.o.ng. D- iè̂u này không

xa’y ra v̀ı t́ıch các số ha.ng âm. Do D le’ và |D| < 27 nên |D| ≤ 25.
Bài 123 Gia’ su.’ A = (aij) là ma trâ.n cõ

. n× n mà aij = ij. T́ınh f I(0) vó.i:

f(x) = det(Ax+E).

Hu.́o.ng dẫn: f(x) =
n3
i=0

cix
i nên f I(0) = c1.

D- áp số:

n3
i=1

aii =
n3
i=1

i2 =
n(n+ 1)(2n+ 1)

6
.

Bài 124 Cho D là d̄i.nh thú
.c cấp 2004, trong d̄ó các phà̂n tu.’ cu’a D là 0 hoă.c 1 và mỗi hàng

mỗi cô. t cu’a D có d̄úng 1002 phà̂n tu
.’ là 1. Chú.ng minh rà̆ng D chia hết cho 10022.

Hu.́o.ng dẫn: Cô.ng các hàng vào hàng 1, rút thù
.a số chung 1002 ra ngoài. Khu.’ các phà̂n tu.’ có giá tri. 1 o

.’ cô. t mô. t.

Khai triê’n theo cô. t 1 vó
.i kết qu’a thu d̄u.o.. c cô.ng tất ca’ vào cô. t 1 . . .

8. Ma trâ.n suy biến, không suy biến

Bài 124 Cho D là d̄i.nh thú
.c cấp 4, trong d̄ó các phà̂n tu.’ cu’a D là 0 hoă.c 1 và mỗi hàng mỗi

cô. t cu’a D có d̄úng hai phà̂n tu
.’ là 1. Chú.ng minh rà̆ng D = 0.

Hu.́o.ng dẫn: Hãy chı’ ra rà̆ng có hai hàng cu’a D có tô’ng là (1, 1, 1, 1).

Bài 124 Cho λ1, . . . ,λn là các số thu.. c khác nhau và khác vó
.i 0, −1, −2, . . . , −n + 1. Chú.ng

minh rà̆ng d̄i.nh thú
.c sau khác không

D =

eeeeeeeeeeeee

1

λ1

1

λ2
. . .

1

λn
1

λ1 + 1

1

λ2 + 1
. . .

1

λn + 1
...

...
. . .

...
1

λ1 + n− 1
1

λ2 + n− 1 . . .
1

λn + n− 1

eeeeeeeeeeeee
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Hu.́o.ng dẫn: Xem bài 91.

Bài 125 Chú.ng minh rà̆ng d̄i.nh thú
.c cu’a mô.t ma trâ.n cấp le’ bà̆ng không nếu ma trâ.n tho’a

mãn d̄iè̂u kiê.n aij = −aji (ma trâ.n pha’n d̄ối xú.ng).
Hu.́o.ng dẫn: detA = detAT = det(−A) = −detA nên detA = 0.

Bài 126 Gia’ su.’ A và B là các ma trâ.n vuông cấp 1999. Chú
.ng minh rà̆ng nếu nhu. AB = 0

th̀ı ı́t nhất mô.t trong hai ma trâ.n A+A
T , B +BT là ma trâ.n suy biến.

Hu.́o.ng dẫn: Coi A,B là các ma trâ.n cu’a các ánh xa. ϕ,ψ : R
1999 −→ R1999. Do AB = 0 nên ϕψ = 0, suy ra

Imψ ⊂ Kerϕ. V̀ı vâ.y, r(B) = dim(Imψ) ≤ dim(Kerϕ) = 1999− r(A), tú.c là r(A) + r(B) ≤ 1999 . Vâ.y mô.t
trong hai số r(A) và r(B) là ≤ 999. Nếu r(A) ≤ 999 th̀ı r(A+AT ) ≤ r(A)+ r(AT ) ≤ 1998 < 1999 nên A+AT
suy biến.

Bài 127 Gia’ su.’ A là ma trâ.n vuông cấp n mà trên d̄u
.̀o.ng chéo ch́ınh là các số 0 còn ngoài

d̄u.̀o.ng chéo là ±1. Chú.ng minh rà̆ng vó.i n chẵn ma trâ.n A là không suy biến còn vó.i n le’
th̀ı ma trâ.n A có thê’ là suy biến.

Hu.́o.ng dẫn: Gia’ su.’ A = (aij) ta thấy detA là số nguyên.

Vó.i n chẵn. Ta thay d̄ô’i dòng 1, bà̆ng cách thay a1j , j W= 1 bo.’ i 1. Khi d̄ó A d̄ô’i thành A1. detA1 − detA =3
j W=1
(1 − a1j)A1j chẵn v̀ı A1j là số nguyên và (1− a1j) chẵn. Tiếp theo thay a2j , j W= 2 bo.’ i 1 o.’ hàng 2 ta d̄u.o.. c

A2 vó.i detA2 − detA1 chẵn, . . . , tiếp tu. c ta thu d̄u.o.. c

An =

eeeeeeeeee

0 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
...

...
...

. . .
...

1 1 1 . . . 0

eeeeeeeeee
Do detAn = (−1)n−1(n− 1) le’ nên detA le’

Vó.i n = 2k + 1 le’ th̀ı nếu mỗi hàng cu’a A có k phà̂n tu.’ bà̆ng 1, k phà̂n tu.’ là −1 th̀ı detA = 0.
Bài 128 Chú.ng minh d̄i.nh thú

.c sau khác không

D =

eeeeeeeee
1 2 . . . 1974 1975
22 32 . . . 19752 19762

33 43 . . . 19763 19763

. . . . . . . . . . . . . . .
19751975 19761975 . . . 19761975 19761975

eeeeeeeee
Hu.́o.ng dẫn: Chı’ ra D le’ bà̆ng các thay dà̂n theo tù.ng hàng: nếu aij chẵn thay bă’ ng 0, nếu aij le’ thay bà̆ng 1.

Bài 129 Cho A = (aij)3×3 có t́ınh chất aii >
3
iW=j

|aij | vó.i i = 1, 2, 3. Chú.ng minh rà̆ng detA W= 0.

Hu.́o.ng dẫn: Pha’n chú.ng. Gia’ su.’ detA = 0, suy ra tò̂n ta. i λ1,λ2,λ3 sao cho
33
j=1

λjaij = 0. D- ă. t |λk| = max
1≤j≤3

|λj |

khi d̄ó |λk|.|akk| = |
3
j W=k

λjakj | ≤ |λk|
3
j W=k

|ajk|, suy ra |λk| ≤
3
j W=k

|ajk|, mâu thuẫn.

Bài 130 Cho A và B là các ma trâ.n vuông cùng cõ
. và tho’a mãn các hê. thú

.c AB = BA,
A1977 = E, A1978 = E. Chú.ng minh rà̆ng ma trâ.n A+B +E kha’ nghi.ch.

Bài 131 Gia’ su.’ A1, A2, . . . , An+1 là các ma trâ.n cõ
. n× n. Chú.ng minh rà̆ng t̀ım d̄u.o.. c n+ 1

số x1, x2, . . . , xn+1 không d̄ò̂ng thò.i bà̆ng không sao cho ma trâ.n x1A1 + x2A2 + · · ·+ xn+1An+1
là suy biến.
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Gia’i: Ký hiê.u hàng d̄à̂u tiên cu’a các ma trâ.n A1, A2, . . . , An+1 là u1, u2, . . . , un+1. Do u1, u2, . . . , un+1 là các véc
to.n chiè̂u nên là hê. phu. thuô.c tuyến t́ınh, v̀ı vâ.y tò̂n ta. i x1, x2, . . . , xn+1 sao cho x1u1+x2u2+· · ·+xn+1un+1 = 0.
Khi d̄ó x1A1 + x2A2 + · · ·+ xn+1An+1 suy biến do có hàng 1 bà̆ng không.
Bài 132 Trong mô.t ma trâ.n vuông thu

.
. c cho tru

.́o.c tất ca’ các phà̂n tu.’ trù. phà̂n tu.’ trên d̄u.̀o.ng
chéo ch́ınh. Chú.ng minh rà̆ng có thê’ d̄ă. t d̄u

.o.. c các số 0 hoă.c 1 vào các ô trống sao cho ma
trâ.n là không suy biến.

Gia’i: Ký hiê.u d̄i.nh thú
.c là Dn, và chú.ng minh quy na.p theo n. n = 1: Hiê’n nhiên. Gia’ su

.’ d̄ã thu.. c hiê.n d̄u
.o.. c cách

d̄iè̂n số cho Dn−1 W= 0. Lấy ann = x và khai triê’n Dn theo hàng n ta d̄u.o.. c Dn(x) = xDn−1 + B vó.i B không

phu. thuô.c x. Do Dn(0) W= Dn(1) nên mô.t trong hai số Dn(0), Dn(1) khác không (d̄pcm).
Bài 133 Chú.ng minh rà̆ng vó.i mỗi ma trâ.n A tùy ý tò̂n ta. i ma trâ.n J sao cho các phà̂n tu

.’
d̄u.̀o.ng chéo cu’a nó bà̆ng ±1 và mo. i phà̂n tu.’ còn la. i bà̆ng không d̄ê’ ma trâ.n JA + I không
suy biến.

Hu.́o.ng dẫn: Xem bài tru.́o.c.

Bài 134 Có ma trâ.n A nhu
. sau: mỗi cô. t cu’a nó có d̄úng hai phà̂n tu

.’ khác không, trong d̄ó
mô. t phà̂n tu

.’ trên d̄u.̀o.ng chéo ch́ınh ló.n ho.n 1 và phà̂n tu.’ kia bà̆ng 1. Nhu. vâ.y ma trâ.n A
có suy biến hay không.

Hu.́o.ng dẫn: Tu.o.ng tu.. bài 129.

Bài 135 Cho ma trâ.n vuông A sao cho A
2004 = 0. Chú.ng minh rà̆ng ma trâ.n E +A

1003 +A1004 +
· · ·+A2003 là ma trâ.n kha’ nghi.ch.
Hu.́o.ng dẫn: Chı’ ra E − A kha’ nghi.ch. Su.’ du.ng (E − A)(E + A1003 + · · · + A2003) = E − A + A2003 và
(E −A+A2003)(E −A−A2003) = (E −A)2.
Bài 136 Trên mô.t h̀ınh vuông ke’ ô ḱıch thu

.́o.c 5× 5, hai d̄ấu thu’ luân phiên nhau d̄iè̂n các số
vào ô còn trống cu’a h̀ınh vuông d̄ê’ d̄u.o.. c mô.t ma trâ.n cõ

. 5× 5. Biết rà̆ng ngu.̀o.i thú. nhất
luôn d̄iè̂n số 0 còn ngu.̀o.i thú. hai luôn luôn d̄iè̂n số 1. Chú.ng minh rà̆ng vó.i mo. i cách d̄iè̂n
số cu’a ngu.̀o.i thú. hai ngu.̀o.i thú. nhất luôn có cách cho.i d̄ê’ ma trâ.n thu d̄u

.o.. c có d̄i.nh thú
.c

bà̆ng không.

Gia’i: Ngu.̀o.i thú. nhất thu.. c hiê.n cách cho
.i nhu. sau: D- à̂u tiên d̄iè̂n số 0 vào ô thú. nhất hàng 1. Chia 4 ô còn la. i cu’a

hàng 1 thành 2 h̀ınh chũ. nhâ. t 1× 2, Hàng 2+3 chia thành 5 h̀ınh chũ. nhâ.t 1× 2 vó.i ca.nh có d̄ô. dài 2 thă’ ng d̄ú.ng.
Hàng 4 + 5 chia tu.o.ng tu.. hàng 2 + 3. Go. i các h̀ınh chũ

. nhâ. t là d̄ôminô. Sau d̄ó, cho
.i theo cách: nếu ngu.̀o.i thú.

hai d̄iè̂n vào mô.t ô cu’a d̄ôminô th̀ı ngu
.̀o.i thú. nhất d̄iè̂n vào ô còn la. i. Dẽ̂ thấy ngu

.̀o.i thú. nhất thu.. c hiê.n d̄u
.o.. c cách

cho.i nhu. vâ.y. Sau khi d̄iè̂n hết 25 ô, tô’ng các số trong mô.t d̄ôminô là 1, nên tô’ng cu’a hàng 2 hàng 3 là (1, 1, 1, 1, 1)
và bà̆ng tô’ng hàng 4 hàng 5, vâ.y d̄i.nh thú

.c bà̆ng không. (d̄pcm)

Bài 137 Trên mô.t h̀ınh vuông ke’ ô ḱıch thu
.́o.c 5 × 5, hai d̄ấu thu’ luân phiên nhau d̄iè̂n mô.t

trong các số 1, 2, 3, 4, 5 vào ô còn trống cu’a h̀ınh vuông d̄ê’ d̄u.o.. c mô.t ma trâ.n cõ
. 5×5. Chú.ng

minh rà̆ng vó.i mo. i cách d̄iè̂n số cu’a ngu
.̀o.i thú. hai ngu.̀o.i thú. nhất luôn có cách cho.i d̄ê’ ma

trâ.n thu d̄u
.o.. c có d̄i.nh thú

.c bà̆ng không.

Hu.́o.ng dẫn: Tu.o.ng tu.. bài trên, ngu
.̀o.i thú. nhất t̀ım cách d̄iè̂n sao cho tô’ng các số trong mô.t d̄ôminô bà̆ng 6.

Bài 138 Trên mô.t h̀ınh chũ
. nhâ.t ke’ ô ḱıch thu

.́o.c 2003 × 2004, hai d̄ấu thu’ luân phiên nhau
d̄iè̂n các số vào ô còn trống cu’a h̀ınh vuông d̄ê’ d̄u.o.. c mô.t ma trâ.n cõ

. 2003× 2004. Biết rà̆ng
ngu.̀o.i thú. nhất luôn d̄iè̂n mô.t trong các số 2, 4, . . . , 2004 còn ngu

.̀o.i thú. hai luôn luôn d̄iè̂n
mô.t trong các số 1, 3, . . . , 2003. Chú

.ng minh rà̆ng vó.i mo. i cách d̄iè̂n số cu’a ngu
.̀o.i thú. nhất

ngu.̀o.i thú. cho.i luôn có cách cho.i d̄ê’ ma trâ.n thu d̄u
.o.. c có ha.ng không quá 1003.

Hu.́o.ng dẫn: Tu.o.ng tu.. bài trên.

Bài 139 Cho A là ma trâ.n vuông cấp n, E là ma trâ.n d̄o
.n vi. cấp n và (A + E)

m = 0. Chú.ng
minh rà̆ng A kha’ nghi.ch.
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Hu.́o.ng dẫn: Chı’ ra A(C1mE + C
2
mA+ C

3
mA

2 + · · ·+ CmmAm−1) = −E.

9. Ha.ng cu’a ma trâ.n

Bài 140 Trên d̄u.̀o.ng chéo cu’a ma trâ.n cõ
. n× n là các số 0, còn các phà̂n tu.’ khác là 1 hoă.c

1980. Chú.ng minh rà̆ng ha.ng cu’a ma trâ.n này là n− 1 hoă.c n.
Áp du.ng bài 125.

Bài 141 A là ma trâ.n vuông cấp n có ha.ng r. T́ınh ha.ng cu’a ma trâ.n phu. ho
.
. p A

∗ tùy theo r.

Hu.́o.ng dẫn: Nếu r = n th̀ı r(A∗) = n

Nếu r ≤ n− 2 th̀ı A∗ = 0. Nếu r = n− 1 th̀ı r(A∗) = 1.

Bài 142 Gia’ su.’ A là ma trâ.n cấp m× n có ha.ng bà̆ng 1. Chú.ng minh rà̆ng ta luôn t̀ım d̄u.o.. c
ma trâ.n B cấp m× 1 và ma trâ.n C cấp 1× n sao cho A = BC.
Gia’i: Gia’ su.’ U là hàng co. so.’ cu’a A, khi d̄ó nếu ui là hàng thú. i cu’a A th̀ı tò̂n ta. i λi d̄ê’ ui = λiU . D- ă. t

B = (λ1,λ2, . . . ,λm)
T và C = U .

Bài 143 ChoMn×n là không gian các ma trâ.n vuông cấp n. Gia’ su
.’ N là mô. t không gian con

cu’a Mn×n mà các phà̂n tu.’ cu’a N d̄è̂u là các ma trâ.n suy biến. Số chiè̂u ló
.n nhất cu’a không

gian N có thê’ có là bao nhiêu.

Bài 144 Cho A là ma trâ.n vuông cấp n sao cho A
2 = E. Chú.ng minh rà̆ng

ha.ng(A+E) + ha.ng(A−E) = n

Hu.́o.ng dẫn: Coi A là ma trâ.n cu’a ánh xa. ϕ : E −→ E. Hãy chı’ ra rà̆ng Im(1 − ϕ) = Ker(1 + ϕ) nên
r(A−E) + r(A+E) = dim Im(1− ϕ) + dim Im(1 + ϕ) = dimKer(1 + ϕ) + dim Im(1 + ϕ).

Bài 145 Ký hiê.u rA là ha.ng cu’a ma trâ.n A. Chú
.ng minh rà̆ng vó.i A, B là các ma trâ.n vuông

cấp n th̀ı
rA + rB − n ≤ r(AB) ≤ min{r(A), r(B)}

Hu.́o.ng dãn: Coi A, B là ma trâ.n cu’a các ánh xa. ϕ,ψ : E −→ E. Hãy chı’ ra dimKer(ϕψ) ≤ dimKerψ +
dimKerϕ nên r(AB) = n − dimKer(ϕψ) ≥ n − dimKerϕ − dimKerψ = r(A) + r(B) − n. Hãy chı’ ra
dim Im(ϕψ) ≤ dim Imϕ, dim Im(ϕψ) ≤ dim Imψ nên r(AB) ≤ min{r(A), r(B)}.
Bài 146 Cho P,Q,R là các ma trâ.n vuông cấp n chú

.ng minh rà̆ng

ha.ng(PQ) + ha.ng(QR) ≤ ha.ngQ+ ha.ng(PQR)

Hu.́o.ng dẫn: Coi P,Q,R là ma trâ.n cu’a ba ánh xa. f, g, h : E −→ E. Su.’ du.ng dim Im(fgh) = dim Im(gh) −
dim[Im(gh)∩Kerf ] và dim Img = dim Im(fg)+dim(Kerf∩Img) cùng vó.i [Im(gh)∩Kerf ] ⊂ (Img∩Kerf .
Bài 147 a) D- ă’ ng thú.c r(AB) = r(BA) là d̄úng hay sai? Gia’ i th́ıch.

b) Chú.ng minh rà̆ng nếu A kha’ nghi.ch th̀ı r(AB) = r(B).

Tra’ lò.i: Sai. Chă’ ng ha.n tò̂n ta. i AB = 0 và BA W= 0
b) Chı’ ra r(AB) ≤ r(B), áp du.ng cũng có r(A−1AB) ≤ r(AB).
Bài 148 a) Cho ma trâ.n A vuông có cấp 2004 và r(A) = 1002. Chú

.ng minh rà̆ng có thê’ thay
d̄ô’i 1002 phà̂n tu.’ trong ma trâ.n A d̄ê’ A tro

.’ thành ma trâ.n không suy biến.

b) Chú.ng minh rà̆ng nếu thay d̄ô’i m phà̂n tu.’ trong A vó.i m < 1002 th̀ı ma trâ.n thu d̄u
.o.. c là

ma trâ.n suy biến.
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Hu.́o.ng dẫn: Ký hiê.u các cô. t cu’a A là ci. Lấy 1002 cô. t co
. so.’ cu’a A, gia’ su.’ là c1, c2, . . . , c2004. Khi d̄ó ta cho.n

d̄u.o.. c 1002 véc to
. u1, u2, . . . , u1002 trong co. so.’ ch́ınh tắc cu’a R

2004 sao cho {c1, c2, . . . c1002, u1, u2, . . . , u1002} là
co.’ so.’ cu’a R2004 và B là ma trâ.n cu’a hê. d̄ó. Go. i A1 là ma trâ.n có các cô. t c1, c2, . . . , c1002, c1003 + u1, c1003 +
u2, . . . , c2004 + u1002. Ta có detA1 = detB W= 0 và A1 thu d̄u.o.. c tù. A bà̆ng cách thay d̄ô’i 1002 phà̂n tu.’ .

10. Ma trâ.n nghi.ch d̄a’o, lũy thù
.a cu’a ma trâ.n, d̄ă’ ng thú

.c cu’a ma trâ.n, ma trâ.n d̄ò̂ng da.ng

Bài 149 T́ınh A100 vó.i A =

 1 −2 1
−1 1 0
−2 0 1

.
Hu.́o.ng dẫn: D- ă. t B = A−E, (A = E +B), ta có B3 = 0, nên A100 = E + C1100B + C2100B2.

Bài 150 Gia’ su.’ A là ma trâ.n vuông và A
k = 0. Chú.ng minh rà̆ng

(E −A)−1 = E +A+A2 + · · ·+Ak−1.

Hu.́o.ng dẫn: Nhân E −A vó.i vế pha’i.

Bài 151 Cho ma trâ.n vuông cấp k+ l da.ng A =
w
Ek U
O El

W
, trong d̄ó Ek, El tu.o.ng ú.ng là các

ma trâ.n d̄o
.n vi. cấp k, l. T̀ım A−1.

Gia’i: Do A−1A = E, và A−1 nhân cô. t d̄o.n vi. thú. j, j ≤ k cho ta cô.t thú. j cu’a A−1 nên k cô. t d̄à̂u cu’a A−1 là cô. t
d̄o.n vi.. Tu

.o.ng tu.. , A.A
−1 = E và hàng d̄o.n vi. thú

. i, i > k nhân vó.i A−1 cho ta hàng thú. i cu’a A−1 nên l hàng

cuối cu’a A−1 là hàng d̄o.n vi.. Vâ.y A−1 =
w
Ek V
0 El

W
. Suy ra:

AA−1 = E ⇔
w
Ek U
0 El

Ww
Ek V
0 El

W
=

w
Ek 0
0 El

W
⇔
w
Ek U + V
0 El

W
=

w
Ek 0
0 El

W
⇔ U + V = 0⇔ V = −U Vâ.y A

−1 =
w
Ek −U
0 El

W
Bài 152 T̀ım ma trâ.n nghi.ch d̄a’o cu’a

A =



1 1 1 1 . . . 1
1 ε ε2 ε3 . . . εn−1

1 ε2 ε4 ε6 . . . ε2(n−1)

1 ε3 ε6 ε9 . . . ε3(n−1)
...

...
...

...
. . .

...
1 εn−1 ε2(n−1) ε3(n−1) . . . ε(n−1)

2

 o.’ d̄ây ε = cos
2π

n
+ i sin

2π

n
.

Hu.́o.ng dẫn: Lâ.p hê. vó
.i vế pha’i là x1, x2, . . . , xn tù. d̄ó t́ınh cô. t thú

. k cu’a ma trâ.n nghi.ch d̄a’o. Có thê’ quy hê.
phu.o.ng tr̀ınh vè̂ bài toán nô. i suy cu’a d̄a thú

.c.

D- áp số:

A−1 =
1

n



1 1 1 1 . . . 1
1 ε−1 ε−2 ε−3 . . . ε−(n−1)

1 ε−2 ε−4 ε−6 . . . ε−2(n−1)

1 ε−3 ε−6 ε−9 . . . ε−3(n−1)
...

...
...

...
. . .

...
1 ε−(n−1) ε−2(n−1) ε−3(n−1) . . . ε−(n−1)

2

 .

Bài 153 Gia’ su.’ A và B là các ma trâ.n vuông cấp n và ma trâ.n A kha’ nghi.ch. Liê.u có hay
không có d̄ă’ ng thú.c AB −BA = A.
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Hu.́o.ng dẫn: Pha’n chú.ng: nếu có d̄ă’ ng thú.c th̀ı B−A−1BA = E, Do d̄a thú.c d̄ă. c tru.ng cu’a B và A−1BA là nhu.
nhau nên vetB = vet(A−1BA). Suy ra d̄ă’ ng thú.c không xa’y ra.

Bài 154 Cho A là ma trâ.n có da.ng

A =



α1 1 0 . . . 0 0
α2 0 1 . . . 0 0
α3 0 0 . . . 0 0
...

...
...
. . .

...
...

αn−1 0 0 . . . 0 1
αn 0 0 . . . 0 0


Hãy t̀ım ı́t nhất mô.t véc to

. x d̄ê’ hê. véc to
. {x, Ax, A2x, . . . , An−1x} d̄ô. c lâ.p tuyến t́ınh. Chú.ng

minh rà̆ng, nếu ma trâ.n A d̄ò̂ng da.ng vó
.i ma trâ.n d̄u

.̀o.ng chéo vó.i các số β1, β2, . . . ,βn trên
d̄u.̀o.ng chéo th̀ı các số β1, β2, . . . ,βn d̄ôi mô. t khác nhau.

Hu.́o.ng dẫn: Cho.n x = (0, 0, . . . , 0, 1). Tiếp theo nếu {a1, a2, . . . , an} là co. so.’ gò̂m các véc to. riêng: Aai = βiai, và
gia’ su.’ x = x1a1+x2a2+· · ·+xnan, ta cóAix = x1βi1a1+x2βi2a2+· · ·xnβinan. Do λ1x+λ2Ax+· · ·+λnAn−1x =
0 th̀ı λ1 = λ2 = . . . = λn = 0. Suy ra hê. vó

.i các phu.o.ng tr̀ınh λ1xi+λ2β
ixi+· · ·+λnxiβn−1i = 0, i = 1, 2, . . . , n

có nghiê.m duy nhất λ1 = λ2 = . . . = λn = 0 nên ta có kết qu’a.

Bài 155 T̀ım tất ca’ các ma trâ.n thu
.
. c M cấp n có tất ca’ các phà̂n tu.’ không âm và tò̂n ta. i

ma trâ.n nghi.ch d̄a’o M
−1 cũng có tất ca’ các phà̂n tu.’ không âm.

Hu.́o.ng dẫn: Các dòng cô. t cu’aA, A
−1 có ı́t nhất mô. t phà̂n tu.’ du.o.ng, v̀ı nếu không th̀ı detA = 0 hay là detA−1 = 0.

Các dòng, cô. t cu’a A,A
−1 chı’ có d̄úng mô.t phà̂n tu.’ du.o.ng. Nếu trái la. i, chă’ ng ha.n cô. t j cu’a A có hai phà̂n tu.’ du.o.ng

o.’ các hàng i1, i2 : ai1j > 0, ai2j > 0. Do hàng j cu’a A
−1 có ı́t nhất mô. t phà̂n tu.’ du.o.ng, chă’ ng ha.n a

(−1)
jk > 0 th̀ı

cô. t thú
. k cu’a t́ıch AA−1 = E có hai phà̂n tu.’ du.o.ng. Nhu. vâ.y mỗi hàng cô. t cu’a A chı’ có duy nhất mô. t phà̂n tu

.’

du.o.ng.

D- a’o la. i: Nếu mỗi hàng cô. t cu’a A chı’ có duy nhất mô. t phà̂n tu
.’ du.o.ng th̀ı bà̆ng biến d̄ô’i so. cấp ta chı’ ra d̄u.o.. c A

−1

có các phà̂n tu.’ không âm.

Bài 156 Gia’ su.’ A là mô.t ma trâ.n vuông không suy biến, mỗi dòng chı’ có mô. t số khác 0 và
bà̆ng +1 hoă.c −1. Chú.ng minh rà̆ng vó.i mô. t số tu.. nhiên k nào d̄ó ta có Ak = AT .
Hu.́o.ng dẫn: V̀ı A không suy biến nên trên mỗt cô. t cu’a A chı’ có duy nhất mô.t phà̂n tu

.’ khác 0, theo gia’ thiết ta có
AAt = E hay A là ma trâ.n tru

.
. c giao. Go. i M là tâ.p tất ca’ các ma trâ.n tru

.
. c giao mà mỗi dòng chı’ có mô. t phà̂n tu

.’

khác 0 (là ±1). Ta thấy An ∈ M, n = 1, 2, 3, . . .. Vâ.y tò̂n ta. i m,p nguyên du.o.ng p ≥ 2 sao cho Am+p = Am.
Do A kha’ nghi.ch nên A

p = E d̄ă. t k = p− 1 ta có Ak = A−1 = AT

Bài 157 T́ınh

 2 1 0
0 1 0
0 0 2

100.
Hu.́o.ng dẫn: D- ă. t B = A − 2E, ta có B2 = −B, su.’ du.ng nhi. thú.c Niuto.n ta d̄u.o.. c A100 = (2E + B)100 =
2100E + (2100 − 1)B.

Bài 158 T̀ım lim
x→0

�
lim
n→∞

1

x
(An −E)

=
vó.i A =

w
1 x

n−x
n 1

W
, E =

w
1 0
0 1

W
.

Gia’i: A = a

w
cosϕ sinϕ
− sinϕ cosϕ

W
vó.i a =

5
1 +

x2

n2
, ϕ = arcsin

x√
x2 + n2

⇒ An = an
w
cosnϕ sinnϕ
− sinnϕ cosnϕ

W
Khi n −→ ∞ th̀ı an −→ 1, sinnϕ = sin

p
n arcsin

x√
x2 + n2

Q
= sin

p nx√
n2 + x2

+ o
p 1
n

Q
= sinx + o(1),

cosnϕ = cosx+ o(1). Bo.’ i vâ.y
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lim
n→∞(A

n −E) =
w
cosx− 1 sinx
− sinx cosx− 1

W
Vâ.y lim

x→0

�
lim
n→∞

1

x
(An − E)

=
=

w
0 1
−1 0

W
.

Bài 159 Chú.ng minh rà̆ng vó.i bất k̀ı số tu.. nhiên n, ta t̀ım d̄u.o.. c mô.t ma trâ.n A sao cho

An =


1 2 3 . . . 1976
0 1 2 . . . 1975
0 0 1 . . . 1974
...
...
...
. . .

...
0 0 0 . . . 1


Hu.́o.ng dẫn: Xét ma trâ.n A có da.ng 

1 a1 a2 . . . a1975
0 1 a1 . . . a1974
. . . . . . . . . . . . . . .
0 0 0 . . . 1


Chú.ng minh quy na.p theo k rà̆ng ma trâ.nA

k = (a
(k)
ij ) có các phà̂n tu

.’ a
(k)
ij = 0 vó.i i > j, a

(k)
ii = 1, a

(k)
ij = a(k)(j−i)

vó.i j > i, sao cho a(k)(s) = kas + fs,k(a1, a2, . . . , as−1) o.’ d̄ây fs,k là mô. t biê’u thú.c chú.a a1, a2, . . . , as. Bo.’ i vâ.y
hê. 1975 phu

.o.ng tr̀ınh kas + fs,k(a1, a2, . . . , as−1) = s + 1, s = 1, 2, . . . , 1975 luôn có nghiê.m và ta xác d̄i.nh

d̄u.o.. c A, sao cho A
k là ma trâ.n d̄ã cho.

Bài 160 Cho ma trâ.n A không suy biến cõ
. n× n. Liê.u d̄ối vó.i ma trâ.n X bất k̀ı cõ. n× n có

thê’ t̀ım d̄u.o.. c hay không mô.t ma trâ.n Y cõ
. n× n tho’a mãn hê. thú.c.

X = AY A−1 −A−1Y A

Hu.́o.ng dẫn: Chu.a chắc. Do vet(U + V ) = vetU + vetV và vết cu’a hai ma trâ.n d̄ò̂ng da.ng bà̆ng nhau nên VF có

vết bà̆ng 0. D- ă’ ng thú.c không d̄úng nếu vetX khác không .

Bài 161 Chú.ng minh rà̆ng không tò̂n ta. i các ma trâ.n A và B sao cho AB −BA = E.
Hu.́o.ng dẫn: Không xa’y ra do VT có vết bà̆ng không và VF có vết bà̆ng n W= 0.
Bài 162 Chú.ng minh rà̆ng nếu ma trâ.n vuông A cấp n có các phà̂n tu

.’ trên d̄u.̀o.ng chéo ch́ınh
bà̆ng 0 th̀ı nó có thê’ biê’u diẽ̂n du.́o.i da.ng A = BC −CB vó.i B,C là các ma trâ.n vuông cấp n.
Hu.́o.ng dẫn: Cho.n B = (bij), C = (cij), trong d̄ó vó

.i i W= j, bij = cij = aij
j − i , bii = 0, cii = i. Chú ý BC-CB=A

là mô.t hê. 2n
2 â’n và n2 phu.o.ng tr̀ınh nên ta có thê’ thêm n2 d̄iè̂u kiê.n th́ıch ho

.
. p hoă.c cho.n giá tri. cho â’n tu

.
. do.

Bài 163 Gia’ su.’ X và B0 là các ma trâ.n thu
.
. c cõ

. n × n. Theo quy na.p chúng ta d̄i.nh nghiã
dãy ma trâ.n Bi = Bi−1X −XBi−1. Chú.ng minh rà̆ng nếu X = Bn2 th̀ı X = 0.

Gia’i: Không gian các ma trâ.n vuông cấp n có số chiè̂u là n2 nên hê. B0, B1, . . . , Bn2 phu. thuô.c tuyến t́ınh:
λ0B0 + λ1B1 + · · · + λn2Bn2 = 0. D- ă. t λi là hê. số d̄à̂u tiên khác 0, tù

. d̄ă’ ng thú.c chuyê’n vế ta thu d̄u.o.. c

Bi = γ1Bi+1 + · · · + γn2−iBn2 . Do Bi+1 = BiX −XBi = γ1Bi+2 + · · · + γn2−iBn+1, và tu.o.ng tu.. Bi+h =
γ1Bi+h+1 + · · · + γn2−iBn2+h. Nhu.ng X = Bn2 nên Bn2+1 = Bn2X − XBn2 = X2 − X2 = 0 , dẫn d̄ến
Bn2+j = 0, ∀j = 1, 2, . . .. Suy ra Bn2 = γ1Bn2+1 + · · ·+ γn2−iB2n2−i = 0 hay X = Bn2 = 0.

Bài 164 Gia’ su.’ A và B là hai ma trâ.n cõ
. n×n và ma trâ.n C = AB−BA là ma trâ.n giao hoán

d̄u.o.. c vó
.i ca’ A và B. Chú.ng minh rà̆ng mô.t lũy thù

.a nào d̄ó cu’a C bà̆ng 0.

Hu.́o.ng dẫn: Không gian các ma trâ.n vuông cấp n có số chiè̂u là n
2 nên hê. E,B,B

2 . . . , Bn
2

phu. thuô.c tuyến t́ınh,

do d̄ó tò̂n ta. i các số α0,α1, . . . ,αs−1, (s ≤ n) sao cho α0E + α1B + · · ·+ αs−1Bs−1 +Bs = 0 hay Ps(B) = 0.
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Hãy chú.ng minh quy na.p rà̆ng: AB
k −BkA = kBk−1C. Bo.’ i vâ.y APs(B)− Ps(B)A = CP Is(B) = 0. Tiếp tu. c:

ACP Is(B)− CP Is(B)A = C2P IIs (B) = 0, . . . , sau cùng ta thu d̄u.o.. c s!Cs = 0 tú.c là Cs = 0.

Bài 165 Gia’ su.’ A là ma trâ.n cõ
. n × n, chú.ng minh rà̆ng tò̂n ta. i ma trâ.n B cõ. n × n mà

ABA = A.

Hu.́o.ng dẫn: Coi A là ma trâ.n cu’a ánh xa. ϕ : E −→ E. Gia’ su.’ {v1, v2, . . . , vk} là mô. t co. so.’ cu’a Kerϕ, khi d̄ó
ta có thê’ bô’ xung d̄ê’ d̄u.o.. c {v1, v2, . . . , vn} là co. so.’ cu’a E. Suy ra uk+1, . . . , un vó.i ui = ϕ(vi), i > k là co. so.’

cu’a Imϕ. Bô’ xung d̄ê’ d̄u.o.. c {u1, u2, . . . , un} là co. so.’ cu’a E. Xét ánh xa. tuyến t́ınh ψ : E −→ E xác d̄i.nh bo
.’ i

ψ(ui) = vi. Go. i B là ma trâ.n cu’a ψ. Dẽ̂ thấy ϕψϕ = ϕ nên ABA = A.

Bài 166 Gia’ su.’ A là ma trâ.n cõ
. n × n có ha.ng r. T̀ım số nghiê.m d̄ô.c lâ.p tuyến t́ınh cu’a

phu.o.ng tr̀ınh AX = 0 vó.i X là ma trâ.n cõ
. n× n.

D- áp số: n(n− r).
Bài 167 Gia’ su.’ A,B là các ma trâ.n vuông cấp n.

a) Chú.ng minh rà̆ng AB và BA có cùng mô.t tâ.p ho
.
. p các giá tri. riêng.

b) Liê.u AB và BA có chung mô.t d̄a thú
.c d̄ă. c tru

.ng hay không.

Hu.́o.ng dẫn: a) Gia’ su.’ λ là giá tri. riêng cu’a AB và (AB)x = λx. D- ă. t y = Bx ta có (BA)y = B(ABx) =
B(λx) = λy.

b) Chu.a chắc, chă’ ng ha.n lấy A =

w
1 3
2 6

W
, B =

w
1 2
1 2

W
. Chú ý nếu A hoă.c B kha’ nghi.ch th̀ı AB và BA d̄ò̂ng

da.ng.

Bài 168 Cho A,B là các ma trâ.n vuông cấp n, E là ma trâ.n d̄o
.n vi. cấp n. Chú

.ng minh rà̆ng
nếu E −AB kha’ nghi.ch th̀ı E −BA kha’ nghi.ch.
Hu.́o.ng dẫn: Su.’ du.ng bài tru

.́o.c. Nếu det(E −BA) = 0 th̀ı λ = 1 là giá tri. riêng cu’a BA.

Bài 169 Gia’ su.’ A là ma trâ.n phú
.c có An = E. Chú.ng minh rà̆ng A chéo hóa d̄u.o.. c .

Bài 170 Gia’ su.’ A,B là hai ma trâ.n vuông thu
.
. c cấp n sao cho AB − BA là ma trâ.n có ha.ng

bà̆ng 1. Chú.ng minh rà̆ng t̀ım d̄u.o.. c các ma trâ.n phú
.c C sao cho các ma trâ.n CAC

−1 và
CBC−1 có da.ng tam giác.

Bài 171 T̀ım d̄iè̂u kiê.n d̄ê’ ma trâ.n có các phà̂n tu
.’ là số nguyên cũng có ma trâ.n nghi.ch d̄a’o

có các phà̂n tu.’ là số nguyên.

Gia’i: Nếu A và A−1 có các phà̂n tu.’ nguyên th̀ı detA và detA−1 nguyên, mà detA.detA−1 = 1 nên detA là u.́o.c
cu’a 1, suy ra |detA| = 1.
D- a’o la. i: nếu |detA| = 1 th̀ı dẽ̂ thấy detA−1 = 1

detAA
∗ = (detA)A∗ là ma trâ.n có các phà̂n tu.’ nguyên.

Bài 172 Gia’ su.’ A và S là các ma trâ.n cõ
. n× n mà tất ca’ các phà̂n tu.’ cu’a chúng là nguyên,

và detS W= 0, detA = 1. Ký hiê.u B = S−1AS. Chú.ng minh rà̆ng vó.i mô. t số tu.. nhiên m nào d̄ó
tất ca’ các phà̂n tu.’ cu’a Bm là các số nguyên.

Hu.́o.ng dẫn: Nếu |detS| = 1, th̀ı S−1 có các phà̂n tu.’ nguyên nên chı’ cà̂n cho.n m = 1.

Nếu |detS| = p > 1. Vó.i ma trâ.n X = (xij) có phà̂n tu.’ nguyên tùy ý ta d̄ă. t Xp = (x
(p)
ij ) vó

.i x
(p)
ij là số

du. khi chia xij cho p. Tâ.p ho
.
. p các ma trâ.n da.ng Xp bao gò̂m pn

2

ma trâ.n phân biê.t nên tò̂n ta. i m,m1 d̄ê’

Am1
p = Am1+m

p nhu. vâ.y A
m1(Am − E) có các phà̂n tu.’ chia hết cho p. Do detA = 1 nên A−1 có các phà̂n

tu.’ nguyên, bo.’ i vâ.y A
m − E = A−m1 [Am1(Am − E)] có các phà̂n tu.’ chia hết cho p. Do S−1 =

1

p
S∗ và

Bm −E = S−1(Am −E)S = S∗
�1
p
(Am −E)

=
S nên Bm có các phà̂n tu.’ nguyên.
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Bài 173 Chú.ng minh rà̆ng ma trâ.n A =
w
a b
c d

W
tho’a mãn phu.o.ng tr̀ınh X2− (a+ d)X + (ad−

bc)E = 0.

Hu.́o.ng dẫn: Chı’ cà̂n thu.’ tru.. c tiếp.

Bài 174 Gia’ su.’ A là ma trâ.n vuông cấp 2 và k > 2 là số tu.. nhiên. Chú
.ng minh rà̆ng nếu

Ak = 0 th̀ı A2 = 0.

Hu.́o.ng dẫn: Áp du.ng bài tru
.́o.c và detA = 0, ta có Ak = (a+ d)k−1A, A2 = (a+ d)A, nên thu d̄u.o.. c kết luâ.n.

Bài 175 Cho A =
w
a b
0 c

W
, vó.i a, b, c là các số thu.. c. Hãy t̀ım tất ca’ các giá tri. cu’a a, b, c sao

cho tò̂n ta. i n ∈ N d̄ê’ An = E.

Hu.́o.ng dẫn: Chı’ ra A =

w
an u
0 cn

W
nên a = ±1, c = ±1

Nếu (a, c) = ±1 th̀ı An = (±1)n
w
1 ±b
0 1

Wn
= (±1)n

w
1 ±nb
0 1

W
nên b=0 và A = ±E

Nếu (a, c) = ±(1,−1) th̀ı A2 = E, ∀b.

Bài 176 Gia’ su.’ An =
w
2 1
1 0

Wn
=
D
aij(n)

i
. Chú.ng minh rà̆ng tò̂n ta. i gió

.i ha.n cu’a hê. thú
.c

a12(n)

a22(n)
và t́ınh gió.i ha.n này khi n→∞.

Bài 177 Gia’ su.’

f(x) =

eeeeee
1 1 1

3− x 5− 3x2 3x3 − 1
2x2 − 1 3x5 − 1 7x8 − 1

eeeeee
Chú.ng minh rà̆ng tò̂n ta. i mô. t số c, (0 < c < 1), sao cho f

I(c) = 0.

Hu.́o.ng dẫn: Do f(0) = f(1) = 0 (d̄i.nh thú
.c có hai hàng tı’ lê.), áp du.ng d̄i.nh lý Rôn.

Bài 178 T̀ım gió.i ha.n  1
2 1 1
0 1

3 1
0 0 1

5

n (n = 1, 2, 3, . . .)

Hu.́o.ng dẫn: Tách A =

 1
2 1 1
0 1

3 1
0 0 1

5

 =
 1

2 0 0
0 1

3 0
0 0 1

5

+
 0 1 1
0 0 1
0 0 0

 = B + C
Ta có BC = CB và C3 = 0. Nhu. vâ.y A

n = Bn + C1nB
n−1C + C2nBn−2C2 ta thu d̄u.o.. c kết qu’a.

Bài 179 Gia’ su.’ α,β, γ là nghiê.m cu’a phu.o.ng tr̀ınh x3 + px+ q = 0. T́ınh d̄i.nh thú
.ceeeeee

α β γ
γ α β
β γ α

eeeeee
Hu.́o.ng dẫn: Giá tri. d̄i.nh thú

.c là: (α+ β + γ)(α2 + β2 + γ2 − αβ − βγ − γα) = 0.
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Bài 180 Gia’ su.’ ma trâ.n A cấp n có da.ng

A =



a 1 0 . . . 0 0
0 a 1 . . . 0 0
0 0 a . . . 0 0
...
...
...
. . .

...
...

0 0 0 . . . a 1
0 0 0 . . . 0 a


T̀ım tô’ng các phà̂n tu.’ cu’a dòng d̄à̂u ma trâ.n A

m vó.i m ≤ n.
Hu.́o.ng dẫn: Tu.o.ng tu.. bài 175.

Bài 181 Chú.ng minh rà̆ng nếu A,B là hai ma trâ.n d̄ối xú
.ng tho’a mãn

det(I − λA) det(I − µB) = det(I − λA− µB), ∀ λ, µ

th̀ı AB = 0.

Hu.́o.ng dẫn: Vó.i µ W= 0 d̄u’ ló.n th̀ı tò̂n ta. i (I−µB)−1. Nhu. vâ.y tù. gia’ thiết ta có det(I−λA) = det(I−λA−µB)(I−
µB)−1 = det[I−λA−λµAB(I−µB)−1]. Suy ra A và A−µAB(I−µB)−1 d̄ò̂ng da.ng (do d̄ối xú.ng nên cùng chéo
hóa d̄u.o.. c và có cùng các giá tri.riêng). LấyM d̄ê’A =M−1[A−µAB(I−µB)−1]M = A−M−1[µAB(I−µB)−1]M
suy ra M−1[µAB(I − µB)−1]M = 0 ⇒ AB = 0.

Bài 182 Cho Mn là tâ.p ho
.
. p tất ca’ các ma trâ.n vuông thu

.
. c cấp n. Vó

.i ma trâ.n A vuông cấp

n ta go. i vetA là
n3
i=1

aii. Chú.ng minh rà̆ng nếu vet(AX) = 0, ∀X ∈Mn th̀ı A = 0.

Hu.́o.ng dẫn: Gia’ su.’ A = (aij). Go. i Eij là ma trâ.n có phà̂n tu
.’ thuô.c cô. t i hàng j có giá tri. là 1, các phà̂n tu

.’ khác

bà̆ng không. Khi d̄ó vet(AEij) = aij , suy ra kết qua’.

Bài 183 Ký hiê.u I là tâ.p ho
.
. p tất ca’ các ma trâ.n vuông cõ

. n× n, n ≥ 2 sao cho mỗi ma trâ.n
trong I chı’ có mô. t phà̂n tu

.’ là 1 các phà̂n tu.’ còn la. i là 0. Biến d̄ô’i tâ.p I nhu
. sau: lấy ra

ngẫu nhiên hai ma trâ.n A,B thuô.c I và thay chúng bà̆ng ma trâ.n 3A− 2B hoă.c 3B − 2A và
tiếp tu. c nhu

. vâ.y cho d̄ến khi I chı’ còn mô.t ma trâ.n X. Chú
.ng minh rà̆ng

a) X W= 0 b) X W= E.
Hu.́o.ng dẫn: Chı’ ra rà̆ng tô’ng các phà̂n tu.’ cu’a các ma trâ.n thuô.c I luôn luôn bà̆ng 1.

Bài 183 Ký hiê.u I là tâ.p ho
.
. p tất ca’ các ma trâ.n vuông cấp 2004 sao cho mỗi ma trâ.n trong I

có các hàng là hoán vi. nào d̄ó cu’a hàng (1,−1, 1,−1, . . . , 1,−1) . Biến d̄ô’i tâ.p I nhu. sau: lấy
ra ngẫu nhiên hai ma trâ.n A,B thuô.c I và thay chúng bà̆ng ma trâ.n 3A−B hoă.c 2B −A và
tiếp tu. c nhu

. vâ.y cho d̄ến khi I chı’ còn mô.t ma trâ.n X. T́ınh detX

Hu.́o.ng dẫn: Chı’ ra rà̆ng tô’ng các phà̂n tu.’ cu’a mỗi hàng trong các ma trâ.n thuô.c I luôn luôn bà̆ng 0. detX = 0.

Bài 184 Trong không gian M2×2 cho ma trâ.n A =

w
1 −1
2 4

W
. T́ınh ha.ng cu’a hê. véc to

.

{A,A2, A3, . . . , A2004}. Hu.́o.ng dẫn: Chı’ ra A2 − 5A+ 6E = 0
D- áp số: r = 2.

Bài 185 Trong không gian M2×2 cho ma trâ.n A =
w
1 −1
2 4

W
. Hãy biê’u diẽ̂n A2004 qua A, E.

Hu.́o.ng dẫn: Xem bài tru.́o.c.

Bài 186 Trong không gian các hàm số liên tu. c cho I = {sinx, sin 2x, sin 3x, . . .}. Chú.ng minh
rà̆ng khi d̄ó mo. i hê. con gò̂m hũ.u ha.n phà̂n tu

.’ cu’a I là hê. d̄ô.c lâ.p tuyến t́ınh.
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Hu.́o.ng dẫn: Xét In = {sinx, sin 2x, . . . , sinnx} là tâ.p con cu’a I. Chú.ng minh In d̄ô. c lâ.p tuyến t́ınh bà̆ng quy
na.p và su

.’ du.ng d̄a.o hàm hai vế d̄ò̂ng nhất thú.c:

λ1 sinx+ λ2 sin 2x+ · · ·+ λn sinnx = 0

Do mo. i tâ.p con hũ
.u ha.n cu’a I d̄è̂u thuô.c mô.t tâ.p In nào d̄ó nên ta có kết luâ.n.

Bài 187 Trong không gian các hàm số liên tu. c cho I = {cosx, cos 2x, cos 3x, . . .}. Chú.ng minh
rà̆ng khi d̄ó mo. i hê. con gò̂m hũ.u ha.n phà̂n tu

.’ cu’a I là hê. d̄ô.c lâ.p tuyến t́ınh.

Xem bài tru.́o.c

Bài 188 Trong không gian tuyến t́ınh E,dimE > 10 cho hê. véc to
. I có 10 phà̂n tu.’ . Chú.ng minh

rà̆ng nếu vó.i mo. i véc to
. u thuô.c I d̄è̂u có hai véc to

. khác là v, w thuô.c I d̄ê’ u = λu+ µw th̀ı
ha.ng cu’a I không quá 6. Hãy lấy v́ı du. mà I có ha.ng là 6.

Bài 189 Trong không gian véc to. E, dimE > 20 cho hê. véc to
. I gò̂m 20 phà̂n tu.’ có hai t́ınh

chất:

1) Mo. i hê. con gò̂m ba véc to. cu’a I d̄è̂u d̄ô. c lâ.p tuyến t́ınh

2) Mo. i bô. phâ.n gò̂m ba véc to. cu’a I d̄è̂u có thê’ bô’ xung thêm hai véc to. trong I d̄ê’ d̄u.o.. c
hê. phu. thuô.c tuyến t́ınh.

Chú.ng minh rà̆ng r(I) ≤ 7.
Bài 190 T̀ım d̄iè̂u kiê.n cu’a n d̄ê’ hê. sau d̄ô.c lâ.p tuyến t́ınh

1) 1, sinx, cosx, sin2 x, cos2 x, . . . , sinn x, cosn x

2) sinx, cosx, sin2 x, cos2 x, . . . , sinn x, cosn x

D- áp số: 1) n = 1, 2) n ≤ 3.
Bài 191 Trong không gian Rn cho tâ.p I bao gò̂m tất ca’ các véc to. u = (x1, x2, . . . , xn) sao cho xi
có giá tri. là 0 hoă.c 1. Chú

.ng minh rà̆ng mo. i hê. con gò̂m 2n−1 + 1 véc to. cu’a I có ha.ng là n.

Hu.́o.ng dẫn: Go. i ei là véc to
. thú. i trong co. so.’ ch́ınh tắc cu’a Rn. Chia I thành 2n−1 că.p phà̂n tu.’ có da.ng {v, v+ei}.

Khi d̄ó nếu M là tâ.p con gò̂m 2
n−1 + 1 phà̂n tu.’ cu’a I, th̀ı pha’i có ı́t nhất mô. t că.p trong số 2n−1 că.p trên thuô.c

M , nên ei ∈ L(M), i = 1, 2, . . . , n. Suy ra L(M) = Rn hay r(M) = n.
Bài 192 Có bao nhiêu ma trâ.n tru

.
. c giao cấp n mà các phà̂n tu

.’ cu’a nó là số nguyên.

Hu.́o.ng dẫn: Go. i A là mô. t ma trâ.n tru
.
. c giao có các phà̂n tu

.’ nguyên. Hàng i cu’a A là hàng d̄o.n vi. nên có ı́t nhất

mô. t phà̂n tu
.’ khác không và phà̂n tu.’ d̄ó duy nhất, d̄ă. t là aiσ(i). Chı’ ra d̄iè̂u kiê.n cà̂n và d̄u’ d̄ê’ A tru.. c giao là σ là

phép thế cấp n và |aiσ(i)| = 1. Có 2n ma trâ.n tru.. c giao ú.ng vó.i phép thế σ nên có tất ca’ 2nn! ma trâ.n.
Bài 193 Trong không gian Rn cho hê. véc to

. I = {u1, u2, . . . , u2004}. Biết rà̆ng vó.i i W= j tùy ý luôn
t̀ım d̄u.o.. c k d̄ê’ uk = 3ui − 2uj. Chú.ng minh rà̆ng

u1 = u2 = · · · = u2004

Hu.́o.ng dẫn: D- ă. tM = max ,ui,, m = min ,ui,. NếuM > m th̀ı vó.i hai phà̂n tu.’ ui, uj màM = ,ui,,m = ,uj,
ta có ,uk, = ,3ui − 2uj | > M . Mâu thuẫn chú.ng to’ m = M hay là ,ui, = ,uj,, ∀i W= j. Tiếp theo lấy i W= j
tùy ý, do ,ui, = ,uj, = ,3ui − 2uj, nên ui = uj .
Bài 194 Chú.ng minh rà̆ng trong năm véc to. bất kỳ cu’a không gian Euclide bao giò. cũng cho.n
d̄u.o.. c hai véc to

. có chiè̂u dài cu’a tô’ng không vu.o.. t quá chiè̂u dài cu’a tô’ng ba véc to
. còn la. i.

Hu.́o.ng dẫn: Go. i các véc to
. d̄u.o.. c cho là a1, a2, a3, a4, a5. D- ă. t u là tô’ng cu’a chúng và u1 = a1 + a2 + a3, u2 =

a2 + a3 + a4, . . . , u5 = a5 + a1 + a2. Ta có [u
2
1 − (u− u1)2] + · · ·+ [u25 − (u− u5)2] = u2 ≥ 0. Vâ.y mô.t trong

các số ha.ng cu’a tô’ng không âm, ta có kết qu’a.
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Bài 195 Chiè̂u dài cu’a tô’ng n véc to. d̄o.n vi. không nho’ ho
.n 1. Chú.ng minh rà̆ng có thê’ sắp

các véc to. theo tr̀ınh tu.. v1, v2, . . . , vn d̄ê’ tho’a mãn d̄ă’ ng thú
.c:

,v1 + v2 + · · ·+ vk, ≥ 1, k = 1, 2, . . . , n

Hu.́o.ng dẫn: Quy na.p theo n. Go. i các véc to
. d̄ó là u1, u2, . . . , un và tô’ng cu’a chúng là u. Vó.i n > 1 tô’ng

[(u− u1)2 − u21] + [(u− u2)2 − u22] + · · ·+ [(u− un)2 − u2n] = (n− 2)u2 ≥ 0 nên trong tô’ng có ı́t nhất mô. t số
ha.ng không âm. Gia’ su

.’ (u− ui)2 − u2i ≥ 0, cho.n vn = ui th̀ı ,u− vn, ≥ ,vn, = 1.
Bài 196 Tô’ng chiè̂u dài cu’a mô.t số véc to

. trên mă.t phă’ ng bà̆ng π. Chú
.ng minh rà̆ng có thê’

cho.n mô.t số trong các véc to
. này sao cho tô’ng cu’a chúng có chiè̂u dài không nho’ ho.n 1.

Bài 197 Gia’ su.’ n ≥ 3 và n véc to. d̄o.n vi. x1, x2, . . . , xn trong không gian Euclide có t́ınh chất
sau: trong bất kỳ 3 véc to. nào cu’a hê. bao giò

. cũng t̀ım ra d̄u.o.. c mô.t că.p tru
.
. c giao. Chú

.ng
minh rà̆ng

,x1 + x2 + · · ·+ xn, ≤ 2n 3
4

Bài 198 Trong 2004 véc to. cho tru.́o.c có các véc to. không cô.ng tuyến. Biết rà̆ng tô’ng cu’a 2003
véc to. bất kỳ cô.ng tuyến vó

.i véc to. còn la. i. Chú
.ng minh rà̆ng tô’ng 2004 véc to. này bà̆ng θ.

Hu.́o.ng dẫn: Go. i u là tô’ng cu’a chúng. Theo gia’ thiết u cùng phu
.o.ng vó.i mo. i véc to

. thuô.c hê.. Suy ra u = 0.

Bài 199 Trong không gian ba chiè̂u cho tru.́o.c 10 véc to. a1, a2, . . . , a10 mà ,ai, ≤ 1, ∀i = 1, 2, . . . , 10
và ,a1 + a2 + · · · + a10, ≥ 7. Hai d̄ấu thu’ là̂n lu.o.. t lấy d̄i tù.ng véc to. cho d̄ến lúc còn la. i hai
véc to. . Chú.ng minh rà̆ng ngu.̀o.i d̄à̂u tiên có thê’ cho.i d̄ê’ chiè̂u dài cu’a tô’ng hai véc to. còn
la. i không nho’ ho

.n 1.

Hu.́o.ng dẫn: D- ă. t s = a1 + a2 + · · · + a10, n = s

,s, , αi =< ai, n >. Suy ra αi ≤ 1 ∀i = 1, 2, . . . , 10 và

α1 + α2 + · · · + α10 =< s, n >= ,s, ≥ 7. Không mất t́ınh tô’ng quát, gia’ su.’ α1 ≤ α2 ≤ . . . ≤ α10. Ta thấy
α5 + α6 ≥ 1 v̀ı nếu trái la. i do α1 + α2 ≤ α3 + α4 ≤ α5 + α6 < 1 nên

(α1 + α2) + (α3 + α4) + (α5 + α6) + α7 + α8 + α9 + α10 < 3 + 4 = 7

d̄iè̂u này trái vó.i gia’ thiết.

Nhu. vâ.y ngu
.̀o.i thú. nhất chı’ cà̂n t̀ım cách loa. i d̄i a1, a2, a3, a4 và luôn thu

.
. c hiê.n d̄u

.o.. c yêu cà̂u này. Go. i ai, aj , i, j > 4
là hai véc to. còn la. i. Khi d̄ó ,ai + aj, ≥ αi + αj ≥ α5 + α6 ≥ 1.
Bài 200 Chú.ng minh rà̆ng có thê’ sắp n véc to. d̄o.n vi. trong không gian ba chiè̂u theo thú

. tu..
v1, v2, . . . , vn d̄ê’ tho’a mãn bất d̄ă’ ng thú.c

,v1 − v2,+ ,v2 − v3,+ · · ·+ ,vn−1 − vn, ≤ 8
√
n

Bài 201 Gia’ su.’ A là ma trâ.n d̄ối xú
.ng cõ. n×n vó.i các phà̂n tu.’ du.o.ng, x = (x1, x2, . . . , xn) là véc

to. riêng ú.ng vó.i giá tri. riêng ló
.n nhất. Chú.ng minh rà̆ng x1, x2, . . . , xn khác 0 và cùng dấu.

Bài 202 Chú.ng minh rà̆ng d̄i.nh thú
.c cu’a ma trâ.n thu

.
. c pha’n d̄ối xú

.ng không là số âm.

Hu.́o.ng dẫn: Hãy chı’ ra rà̆ng các giá tri. riêng cu’a ma trâ.n chı’ có thê’ là 0 hoă.c ±iβ.
Bài 203 Chú.ng minh rà̆ng nếu S là ma trâ.n pha’n d̄ối xú

.ng th̀ı I + S là ma trâ.n không suy
biến.

Hu.́o.ng dẫn: Giống bài tru.́o.c.

Bài 204 Gia’ su.’ Ai, i = 1, 2, . . . , N là các ma trâ.n d̄ối xú
.ng cấp n mà AiAj = 0 vó.i i W= j. Chú.ng

minh rà̆ng r(A1) + r(A2) + · · ·+ r(AN ) ≤ n.
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Hu.́o.ng dẫn: D- ă. t r(Ai) = ri, r0 = r(A1 +A2 + · · ·+AN ). Gia’ su.’ λ = 0 là nghiê.m bô. i ki cu’a d̄a thú
.c d̄ă.c tru

.ng

PAi(λ), ta có ki = n− ri (do Ai chéo hóa d̄u.o.. c ). Ta có:
PA1(λ)PA2(λ) . . . PAN (λ) = det[(A1 − λI)(A2 − λI) . . . (AN − λI)]
= det{(−1)N−1[λN−1(A1+A2+ · · ·+AN )−λNI]} = (−1)n(N−1)λn(N−1) det(A1+A2+ · · ·+AN−λI)

D- ối chiếu số bô. i cu’a nghiê.m λ = 0 o.’ hai vế ta có: (n− r1) + (n− r2) + · · ·+ (n− rN ) = n(N − 1) + n− r0 suy
ra r1 + r2 + · · ·+ rN = r0 ≤ n.
Bài 205 Cho E là ma trâ.n d̄o

.n vi. A,B,C là các ma trâ.n vuông cùng cấp vó
.i E. Cho biết trong

các d̄ă’ ng thú.c BAC = E, ACB = E, CAB = E, BCA = E, CBA = E d̄ă’ ng thú.c nào xa’y ra hay
không xa’y ra cùng d̄ă’ ng thú.c ABC = E.

D- áp số: CAB = E, BCA = E.

Bài 206 Cho ma trâ.n vuông A = (pij) cấp p+ q sao cho pij = 0 vó
.i 1 ≤ i, j ≤ p và vó.i p+1 ≤ i, j ≤

p+ q. Chú.ng minh rà̆ng nếu λ là giá tri. riêng cu’a nó th̀ı −λ cũng là giá tri. riêng cu’a nó.
Hu.́o.ng dẫn: Chı’ ra PA(−λ) = (−1)p+qPA(λ) bà̆ng cách d̄ô’i dấu p hàng d̄à̂u và q cô. t cuối. Vâ.y PA(λ) = 0 th̀ı
PA(−λ) = 0.
Bài 206 Cho A là ma trâ.n d̄ối xú

.ng thu.. c xác d̄i.nh du
.o.ng. Chú.ng minh rà̆ng vetA.vetA−1 ≥ n2.

13. Hê. phu
.o.ng tr̀ınh tuyến t́ınh

Bài 207 Hai sinh viên là̂n lu.o.. t thay các dấu ∗ trong hê. phu.o.ng tr̀ınh sau bà̆ng các số:lx+ ∗y + ∗z = ∗
x+ ∗y + ∗z = ∗
x+ ∗y + ∗z = ∗

Chú.ng minh rà̆ng ngu.̀o.i d̄iè̂n d̄à̂u tiên luôn có cách d̄iè̂n số sao cho hê. thu d̄u
.o.. c cuối cùng

là hê. không tu
.o.ng th́ıch.

Lò.i gia’ i: Kı́ hiê.u 9 số cà̂n d̄iè̂n là a12, a22, a32, a13, a23, a33, b1, b2, b3. Ngu
.̀o.i cho.i thú. nhất cho.i nhu. sau: Nu.́o.c

d̄i d̄à̂u tiên d̄iè̂n giá tri. b1 và 8 chỗ trống còn la. i th̀ı chia thành bốn că.p (a12, a13), (a22, a32), (a23, a33), (b2, b3)
và sau d̄ó nếu ngu.̀o.i thú. hai cho.n giá tri. cho mô.t hê. số trong mô.t că.p th̀ı ngu

.̀o.i thú. nhất cho.n luôn giá tri. cho

hê. số còn la. i và ta thấy ngu
.̀o.i thú. nhất thu.. c hiê.n d̄u

.o.. c cách cho
.i nhu. vâ.y. Chı’ cà̂n ngu

.̀o.i thú. nhất d̄iè̂n d̄ê’

a22 = a32, a23 = a33, b2 W= b3 th̀ı hê. thu d̄u.o.. c là hê. không tu.o.ng th́ıch.
Bài 207 Vó.i giá tri. nào cu’a các tham số hê. phu

.o.ng tr̀ınh
x = by + cz + du+ ev
y = cz + du+ ev + ax
z = du+ ev + ax+ by
u = ev + ax+ by + cz
v = ax+ by + cz + du

có nghiê.m không tà̂m thu.̀o.ng

Hu.́o.ng dẫn: Xét d̄i.nh thú
.c cu’a ma trâ.n hê. số. Nếu có≥ 2 trong 5 số a, b, c, d, e bà̆ng−1 th̀ı d̄i.nh thú.c có hai cô. t giống

nhau nên bà̆ng 0. Nếu có mô.t số chă’ ng ha.n a = −1 và b, c, d, e W= −1 th̀ı d̄i.nh thú.c là:−(b+1)(c+1)(d+1)(e+1) W= 0
(loa. i). Nếu a, b, c, d, e W= −1 th̀ı d̄i.nh thú.c là

(a+ 1)(b+ 1)(c+ 1)(d+ 1)(e+ 1)
�
4− 1

a+ 1
− 1

b+ 1
− 1

c+ 1
− 1

d+ 1
− 1

e+ 1

=
tù. d̄ó ta suy ra d̄iè̂u kiê.n .

Bài 208 Gia’i hê. phu
.o.ng tr̀ınh


2x1 − 3x2 + x3 = 1
2x2 − 3x3 + x4 = 2
· · · · · · · · · · · ·
2x2002 − 3x2003 + x2004 = 2002
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Hu.́o.ng dẫn: Hê. thuà̂n nhất tu
.o.ng ú.ng có hai nghiê.m co. ba’n có da.ng: (1, a, a

2, . . . , a2003) vó.i a = 1, a = 2.

Nghiê.m riêng cu’a hê. không thuà̂n nhất là: (x1, x2, . . . , x2004) vó
.i xk = −1

2
(k2 − 5k).

Bài 209 Gia’i hê. phu
.o.ng tr̀ınh


0.x1 + a12x2 + a13x3 + · · ·+ a2003,1x2003 = 0
a21x1 + 0.x2 + a23x3 + · · ·+ a2,2003x2003 = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
a2003,1x1 + a2003,2x2 + a2003,3x3 + · · ·+ 0.x2003 = 0

trong d̄ó vó.i i W= j ta có aij = 1 hoă.c aij = 2004.
Hu.́o.ng dẫn: Hãy chı’ ra rà̆ng d̄i.nh thú

.c cu’a ma trâ.n hê. số không chia hết cho 2003 (Xem bài 127)nên có giá tri. khác
0. Hê. chı’ có nghiê.m tà̂m thu.̀o.ng duy nhất.

Bài 210 Gia’i hê. phu
.o.ng tr̀ınh



x1 + x2 + x3 + x4 · · ·+ xn = 1
x1 + 2x2 + 2x3 + 2x4 + · · ·+ 2xn = 22
x1 + 2x2 + 3x3 + 3x4 + · · ·+ 3xn = 32
x1 + 2x2 + 3x3 + 4x4 + · · ·+ 4xn = 42
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
x1 + 2x2 + 3x3 + 4x4 + · · ·+ nxn = n2

Hu.́o.ng dẫn: Su.’ du.ng phu
.o.ng pháp Gauss.

Bài 211 Gia’i hê. phu
.o.ng tr̀ınh



x1 + x2 + x3 + x4 · · ·+ xn = 1
x1 + 2

2x2 + 2
2x3 + 2

2x4 + · · ·+ 22xn = 24
x1 + 2

2x2 + 3
2x3 + 3

2x4 + · · ·+ 32xn = 34
x1 + 2

2x2 + 3
2x3 + 4

2x4 + · · ·+ 42xn = 44
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
x1 + 2

2x2 + 3
2x3 + 4

2x4 + · · ·+ n2xn = n4
Hu.́o.ng dẫn: Su.’ du.ng phu

.o.ng pháp Gauss.

14. D- a thú.c

Bài 212 Chú.ng minh rà̆ng vó.i các nghiê.m x1, x2 cu’a d̄a thú.c x2 + px+
1

2p2
vó.i p ∈ R, p W= 0, ta

có bất d̄ă’ ng thú.c x41 + x
4
2 ≥ 2 +

√
2.

Bài 213 T̀ım tất ca’ các că.p số thu
.
. c p, q sao cho d̄a thú

.c x4 + px2 + q có bốn nghiê.m lâ.p thành
cấp số cô.ng.

Bài 214 Chú.ng minh rà̆ng nếu các nghiê.m cu’a d̄a thú.c x2 + px+ 1 là α và β, còn các nghiê.m
cu’a d̄a thú.c x2 + qx+ 1 là γ và d, th̀ı ta có d̄ă’ ng thú.c

(α− γ)(β − γ)(α+ d)(β + d) = q2 − p2

Bài 215 Chú.ng minh rà̆ng vó.i giá tri. khác 0 tùy ý α,β các nghiê.m x1, x2, x3 cu’a d̄a thú.c
αx3 − αx2 + βx+ β tho’a mãn d̄ă’ ng thú.c

(x1 + x2 + x3)
p 1
x1
+
1

x2
+
1

x3

Q
= −1

Hu.́o.ng dẫn: Su.’ du.ng d̄i.nh lý Viét.

Bài 216 Hãy t̀ım tất ca’ các giá tri. cu’a a, d̄ê’ các nghiê.m x1, x2, x3 cu’a d̄a thú.c x3 − 6x2 + ax+ a
tho’a mãn d̄ă’ ng thú.c

(x1 − 3)3 + (x2 − 3)3 + (x3 − 3)3 = 0
Hu.́o.ng dẫn: Su.’ du.ng d̄i.nh lý Viét.
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Bài 217 Gia’ su.’ mô. t trong các nghiê.m cu’a d̄a thú
.c P (x) = x3+ax2+ bx+ c, vó.i a, b ∈ Z bà̆ng t́ıch

hai cu’a hai nghiê.m kia. Chú
.ng minh rà̆ng số 2P (−1) chia hết cho số P (1)+P (−1)−2(1+P (0)).

Hu.́o.ng dẫn: Su.’ du.ng d̄i.nh lý Viét và phân t́ıch P (x) thành nhân tu
.’ .

Bài 218 Gia’ su.’ a, b là hai trong bốn nghiê.m cu’a d̄a thú.c x4 + x3 − 1. Chú.ng minh rà̆ng ab là
nghiê.m cu’a d̄a thú.c x6 + x4 + x3 − x2 − 1.
Bài 219 Cho các số nguyên a, b, c biết rà̆ng a > 0, còn d̄a thú.c ax2 + bx+ c có hai nghiê.m khác
nhau trên (0, 1). Chú.ng minh rà̆ng a ≥ 5. T̀ım ı́t nhất mô.t că.p số b, c d̄ê’ a = 5.

Bài 220 Các số a, b, c là ba trong bốn nghiê.m cu’a d̄a thú.c x4 − ax3 − bx+ c. Hãy t̀ım tất ca’ các
bô. số a, b, c nhu

. vâ.y.

Bài 221 Chú.ng minh rà̆ng các số phú.c a, b tho’a mãn d̄iè̂u kiê.n a
2 = 2b W= 0 khi và chı’ khi các

nghiê.m cu’a d̄a thú.c x2 + ax+ b ta.o trên mă.t phă’ ng phú
.c hai d̄ı’nh cu’a mô.t tam giác vuông

cân có d̄ı’nh góc vuông ta. i gốc to.a d̄ô. .

Bài 222 D- a thú.c P (x) = xn + a1xn−1 + · · ·+ an−1x+ 1 vó.i các hê. số không âm a1, a2, . . . , an−1 có n
nghiê.m thu.. c. Chú

.ng minh rà̆ng P (2) ≥ 3n.
Hu.́o.ng dẫn: Các nghiê.m cu’a P (x) d̄è̂u âm và su.’ du.ng bất d̄ă’ ng thú

.c Côsi.

Bài 223 D- a thú.c axn − axn−1 + c2xn−2 + · · ·+ cn−2x2 − n2bx+ b có d̄úng n nghiê.m du.o.ng. Chú.ng
minh rà̆ng tất ca’ các nghiê.m này bà̆ng nhau.

Hu.́o.ng dẫn: Su.’ du.ng d̄i.nh lý Viét và bất d̄ă’ ng thú
.c Côsi.

Bài 224 Các d̄a thú.c x5 − x− 1 và x2 + ax+ b, vó.i a, b ∈ Q, có thê’ có nghiê.m số phú.c chung hay
không?

Bài 225 Vó.i d̄a thú.c P (x) bâ.c n nào d̄ó và vó
.i các a < b nào d̄ó tho’a mãn bất d̄ă’ ng thú.c

P (a) < 0, −P I(a) ≤ 0, P II(a) ≤ 0, . . . , (−1)nP (n)(a) ≤ 0
P (b) > 0, P I(b) ≥ 0, P II(b) ≥ 0, . . . , P (n)(b) ≥ 0.

Chú.ng minh rà̆ng tất ca’ các nghiê.m thu.. c cu’a d̄a thú
.c P (x) d̄è̂u thuô.c khoa’ng (a, b).

Hu.́o.ng dẫn: Su.’ du.ng khai triê’n Taylo ta. i x = a, x = b d̄ê’ chı’ ra P (x) không d̄ô’i dáu khi x W∈ (a, b).

Bài 226 Chú.ng minh rà̆ng vó.i giá tri. tùy ý n ∈ N+, d̄a thú.c P (x) = 1 + x+
x2

2!
+ · · ·+ x

n

n!
không

thê’ có nhiè̂u ho.n mô.t nghiê.m thu.. c.

Hu.́o.ng dẫn: Xét dấu cu’a P(x) bà̆ng cách kha’o sát hàm số.

Bài 227 Chú.ng minh rà̆ng d̄a thú.c bâ.c n P (x) vó
.i các hê. số thu

.
. c, không có nghiê.m thu.. c, th̀ı

d̄a thú.c Q(x) = P (x) + αP I(x) + · · · + αnP (n)(x), vó.i giá tri. tùy ý α ∈ R cũng không có nghiê.m
thu.. c.

Bài 228 Chú.ng minh rà̆ng vó.i d̄a thú.c tùy ý P (x) có bâ.c n > 1, có nghiê.m khác nhau x1, x2, . . . , xn
ta có d̄ă’ ng thú.c

1

P I(x1)
+

1

P I(x2)
+ · · ·+ 1

P I(xn)
= 0

Bài 229 Gia’ su.’ P (x) là d̄a thú.c vó.i hê. số thu
.
. c, có tất ca’ các nghiê.m d̄è̂u là số a’o. Chú.ng

minh rà̆ng tất ca’ các nghiê.m cu’a d̄a thú.c P I(x), trù. mô. t nghiê.m , cũng d̄è̂u là số a’o.

Bài 230 Chú.ng minh rà̆ng các d̄a thú.c khác không P và Q vó.i các hê. số phú
.c, có các nghiê.m

giống nhau (cùng số bô. i) khi và chı’ khi hàm số f(z) = |P (z)|− |Q(z)| có dấu không d̄ô’i ta. i các
d̄iê’m z ∈ C, mà o.’ d̄ó f(z) W= 0.

51



Bài 231 Chú.ng minh rà̆ng vó.i mo. i giá tri. n ∈ N+, d̄a thú.c (x + 1)2n+1 + xn+2 chia hết cho d̄a
thú.c x2 + x+ 1.

Bài 232 Chú.ng minh rà̆ng vó.i mo. i giá tri. n ∈ N và α ∈ R tho’a mãn d̄iè̂u kiê.n n W= 1 và sinα W= 0,
d̄a thú.c P (x) = xn sinα− x sinα+ sin(n− 1)α chia hết cho d̄a thú.c Q(x) = x2 − 2x cosα+ 1.
Bài 233 T̀ım tất ca’ các d̄a thú.c R(x) bâ.c bé ho

.n 4 mà vó.i mo. i d̄a thú
.c d̄a thú.c ấy tò̂n ta. i d̄a

thú.c P (x) tho’a mãn d̄ò̂ng nhất thú.c

7 sin31 t+8 sin13 t−5 sin5 t cos4 t−10 sin7 t+5 sin5 t−1 ≡ P (sin t) sin4 t−(1+sin t)(cos2 t−2)+R(sint), t ∈ R

Bài 234 T̀ım tất ca’ các că.p số m,n ∈ N d̄ê’ d̄a thú.c 1+ xn + x2n + · · ·+ xmn chia hết cho d̄a thú.c
1 + x+ x2 + · · ·+ xm.
Bài 235 Gia’ su.’ d̄a thú.c P (x), Q(x), R(x) và S(x) tho’a mãn d̄ò̂ng nhất thú.c

P (x5) + xQ(x5) + x2R(x5) = (1 + x+ x2 + x3 + x4)S(x)

Chú.ng minh rà̆ng d̄a thú.c P (x) chia hết cho d̄a thú.c x− 1.
Bài 236 T̀ım tất ca’ các d̄a thú.c P (x) tho’a mãn d̄iè̂u kiê.n P (0) = 0 và d̄ò̂ng nhất thú

.c P (x) ≡
1

2
[P (x+ 1) + P (x− 1)], x ∈ R

Hu.́o.ng dẫn: Chı’ ra rà̆ng d̄a thú.c Q(x) = P (x)− P (1)x ≡ 0 v̀ı có vô số nghiê.m.
Bài 237 T̀ım tất ca’ các d̄a thú.c P (x) tho’a mãn d̄ò̂ng nhất thú.c: xP (x− 1) ≡ (x− 2)P (x), x ∈ R
Hu.́o.ng dẫn: Chı’ ra rà̆ng P (x) = (x2 − x)Q(x) và Q(0) = Q(−1) = Q(−2) = . . . = const.
Bài 238 T̀ım tất ca’ các d̄a thú.c P (x) tho’a mãn d̄ò̂ng nhất thú.c

(x− 1)P (x+ 1)− (x+ 2)P (x) ≡ 0, x ∈ R

Hu.́o.ng dẫn: Xem bài trên.

Bài 239 T̀ım tất ca’ các d̄a thú.c khác không P (x) tho’a mãn d̄ò̂ng nhất thú.c P (x2) = [P (x)]2, x ∈
R.

Hu.́o.ng dẫn: Su.’ du.ng P (x) = a
n�
k=1

(x− αk) và chı’ ra a = 1, αk = 0.

Bài 240 T̀ım tất ca’ các d̄a thú.c khác không P (x) tho’a mãn d̄ò̂ng nhất thú.c P (x2 − 2x) ≡
[P (x− 2)]2, x ∈ R Hu.́o.ng dẫn: D- ă. t y = x− 1 quy vè̂ bài trên.
Bài 241 T̀ım tất ca’ các d̄a thú.c khác không P (x) vó.i hê. số thu

.
. c, tho’a mãn d̄ò̂ng nhất thú

.c
P (x)P (2x2) ≡ P (2x3 + x), x ∈ R
Hu.́o.ng dẫn: Chı’ ra tất ca’ các nghiê.m cu’a P (x) có mô d̄un bà̆ng 1.

D- áp số: P (x) = (x2 + 1)k.

Bài 242 Chú.ng minh rà̆ng vó.i mo. i d̄a thú
.c P (x) W= x và số n ∈ N tùy ý, d̄a thú.c Qn(x) =

P (P (. . . P (x) . . .))− x (n là̂n) chia hết cho Q1(x) = P (x)− x.
Hu.́o.ng dẫn: Quy na.p.

Bài 243 Chú.ng minh rà̆ng nếu các d̄a thú.c bâ.c ba P (x), Q(x), R(x) vó
.i các hê. số thu

.
. c tho’a mãn

bất d̄ă’ ng thú.c P (x) ≤ Q(x) ≤ R(x) vó.i mo. i giá tri. x ∈ R và ta. i ı́t nhất mô.t d̄iê’m x0 ⊂ R tho’a
mãn d̄ă’ ng thú.c P (x0) = R(x0) th̀ı vó.i số k ∈ [0, 1] nào d̄ó ta có d̄ò̂ng nhất thú.c

Q(x) ≡ kP (x) + (1− k)R(x), x ∈ R
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Khă’ ng d̄i.nh trên còn d̄úng vó
.i d̄a thú.c bâ.c 4?

Bài 244 Cho d̄a thú.c P (x) = ax2 + bx+ c vó.i a W= 0. Chú.ng minh rà̆ng vó.i số n ∈ N tùy ý không
tò̂n ta. i nhiè̂u ho

.n mô.t d̄a thú
.c Q(x) bâ.c n, tho’a mãn d̄ò̂ng nhất thú

.c.

Q(P (x)) = P (Q(x), x ∈ R

Bài 245 Chú.ng minh rà̆ng d̄a thú.c P (z) là hàm số chẵn cu’a z ∈ C khi và chı’ khi tò̂n ta. i d̄a
thú.c Q(z) tho’a mãn d̄ò̂ng nhất thú.c P (z) ≡ Q(z)Q(−z), z ∈ C

Hu.́o.ng dẫn: Su.’ du.ng phân t́ıch P (x) = a
k�
1=1

(x− αi)mi và quy na.p.

Bài 246 Chú.ng minh rà̆ng nếu d̄a thú.c P (x) vó.i hê. số thu
.
. c chı’ nhâ.n giá tri. không âm vó

.i mo. i
x ∈ R, th̀ı có thê’ biê’u diẽ̂n d̄u.o.. c du.́o.i da.ng

P (x) = Q21(x) +Q
2
2(x) + · · ·+Q2n(x)

vó.i Q1(x), Q2(x), . . . , Qn(x) là các d̄a thú.c vó.i hê. số thu
.
. c.

Hu.́o.ng dẫn: Su.’ du.ng phân t́ıch P (x) = a
k�
i=1

(x− αi)
h�
j=1

[(x− αj)2 + β2j ] và quy na.p.

Bài 247 Gia’ su.’ d̄a thú.c P (x) vó.i hê. số thu
.
. c tho’a mãn bất d̄ă’ ng thú

.c P (x) > 0 vó.i mo. i x > 0.
Chú.ng minh rà̆ng tò̂n ta. i các d̄a thú

.c Q(x) và R(x) vó.i các hê. số không âm tho’a mãn d̄ò̂ng

nhất thú.c P (x) ≡ Q(x)
R(x)

Hu.́o.ng dẫn: Su.’ du.ng phân t́ıch P (x) = a
k�
i=1

(x−αi)
h�
j=1

[(x−αj)2+β2j ] và biê’u diẽ̂n các thù
.a số bâ.c 2 không âm

theo yêu cà̂u cu’a d̄à̂u bài .

Bài 248 Gia’ su.’ A(n) là các d̄a thú.c có da.ng P (x) = a0 + a1x + · · · + anxn vó.i 0 ≤ a0 = an ≤
a1 = an−1 ≤ . . . ≤ a[n2 ] = a[n+12 ]. Chú

.ng minh rà̆ng nếu P (x) ∈ A(n) và Q(x) ∈ A(m) th̀ı ta có
P (x)Q(x) ∈ A(m+ n)
Bài 249 Vó.i giá tri. nào cu’a n ∈ N tò̂n ta. i các d̄a thú.c khác không P và Q cu’a n biến số vó.i
các hê. số nguyên, tho’a mãn d̄ò̂ng nhất thú

.c

(x1 + x2 + · · ·+ xn)P (x1, x2, . . . , xn) ≡ (x21, x22, . . . , x2n), x1, x2, . . . , xn ∈ R

Bài 250Gia’ su.’ vó.i các d̄a thú.c P (x), Q(x) bâ.c ló
.n ho.n không, ký hiê.u, ký hiê.u Pc = {z ∈ C| P (z) =

c}, Qc = {z ∈ C| Q(z) = c}. Chú.ng minh rà̆ng nếu P0 = Q0 và P1 = Q1 th̀ı P (x) ≡ Q(x), x ∈ R
Bài 251 Chú.ng minh rà̆ng nếu các d̄a thú.c P (x, y), Q(x, y), R(x, y) bâ.c bé ho

.n m ∈ N tho’a mãn
d̄ò̂ng nhất thú.c

x2mP (x, y) + y2mQ(x, y) ≡ (x+ y)2mR(x, y), x, y ∈ R
th̀ı P (x, y) ≡ Q(x, y) ≡ R(x, y) ≡ 0.
Bài 252 Vó.i nhũ.ng ràng buô.c nào cu’a các số nguyên p và q:

a) D- a thú.c P (x) = x2 + px+ q nhâ.n các giá tri. chẵn (le’) vó
.i mo. i x ∈ Z.

b) D- a thú.c Q(x) = x3 + px+ q nhâ.n giá tri. chia hết cho 3 vó
.i mo. i x ∈ Z.
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Bài 253 Chú.ng minh rà̆ng d̄a thú.c P (x) =
1

630
x9+

1

21
x7+

13

30
x5+

82

63
x3+

32

35
x nhâ.n giá tri. nguyên

vó.i mo. i x ∈ Z.
Bài 254 T̀ım tất ca’ các giá tri. x ∈ Z d̄ê’ d̄a thú.c 2x2 − x− 36 nhâ.n giá tri. là b̀ınh phu.o.ng cu’a
các số nguyên tố.

Bài 255 Vó.i các số cho tru.́o.c p, q ∈ R hãy t̀ım tất ca’ các giá tri. mà d̄a thú
.c P (x) = x2 + px+ q

nhâ.n d̄u
.o.. c vó

.i x ∈ [−1, 1].
Bài 256 D- a thú.c P (x) vó.i hê. số nguyên nhâ.n giá tri. 2 vó

.i bốn giá tri. khác nhau cu’a x ∈ Z.
Chú.ng minh rà̆ng vó.i mo. i x ∈ Z d̄a thú.c này không thê’ nhâ.n các giá tri. 1, 3, 5, 7, 9.
Bài 257 Hãy t̀ım mô.t tâ.p ho

.
. p M gò̂m 7 số tu.. nhiên liên tiếp sao cho tò̂n ta. i d̄a thú

.c bâ.c năm
P (x) vó.i các t́ınh chất sau: a) Tất ca’ các hê. số P (x) d̄è̂u nguyên ;

b) Vó.i 5 số k ∈ M , trù. số bé nhất và số ló.n nhất ta có d̄ă’ ng thú.c P (k) = k c) P (k) = 0 vó.i
mô. t số k ∈M .
Bài 258 a) Chú.ng mih rà̆ng không tò̂n ta. i d̄a thú

.c P (x) d̄ê’ vó.i mo. i x ∈ R có các bất d̄ă’ ng thú.c:
1) P I(x) > P II(x) và 2) P (x) > P II(x).

b) Khă’ ng d̄i.nh a) còn d̄úng không nếu thay bất d̄ă’ ng thú
.c 1) bà̆ng bất d̄ă’ ng thú.c 1’)

P (x) > P I(x)?

Bài 259 Gia’ su.’ cho tru.́o.c các d̄a thú.c P0(x), P1(x), . . . , Pn(x) vó.i các hê. số thu
.
. c và các số

1, a2, . . . , an ∈ R. Chú.ng minh rà̆ng nếu hàm số f(x) = P0(x) +
n3
k=1

ak|Pk(x)| là d̄o.n tri., th̀ı tâ.p

ho.. p tất ca’ các giá tri. cu’a nó là R.

Bài 260 Gia’ su.’ {an} là dãy số (Fibonaci), xác d̄i.nh bà̆ng các d̄ă’ ng thú.c a1 = a2 = 1, an+2 =

an+1 + an(n ∈ N). Chú.ng minh rà̆ng nếu d̄a thú.c P (x) bâ.c 990 tho’a mãn d̄iè̂u kiê.n P (k) = ak
vó.i k = 992, . . . , 1982 th̀ı P (1983) = a1983 − 1.
Bài 261 Chú.ng minh rà̆ng

a) Vó.i mo. i n ∈ N tò̂n ta. i d̄a thú.c Pn(x) bâ.c n vó.i các hê. số nguyên tho’a mãn d̄ă’ ng thú.c
2 cosnt = Pn(cos 2t), t ∈ R.

b) Vó.i mo. i α ∈ Q số cosαπ hoă.c trùng vó.i mô. t trong các số 0,±
1

2
,±1, ho.. c là số vô tı’

Bài 262 Gia’ su.’ trên mă.t phă’ ng to.a d̄ô. cho d̄u
.̀o.ng cong, là d̄ò̂ thi. cu’a d̄a thú

.c P (x) = x4+px3+
qx2 + rx + s (p, q, r, s ∈ R. Mô.t mă.t phă’ ng trên d̄u.̀o.ng thă’ ng ấy d̄u.o.. c go. i là nà̆m ngang nếu
nó song song vó.i tru. c hoành và cắt d̄u

.̀o.ng cong ta. i bốn d̄iê’m A,B,C,D (t́ınh tù. trái sang
pha’i). Ngoài ra nếu d̄ô. dài các d̄oa.n thă’ ng AB,AC,AD có thê’ lấy làm d̄ô. dài các ca.nh mô.t
tam giác nào d̄ó th̀ı d̄u.̀o.ng thă’ ng nhu. vâ.y còn d̄u

.o.. c go. i là tam giác d̄a.c.

Chú.ng minh rà̆ng chı’ có thê’ xa’y ra hai tru.̀o.ng ho.. p: hoă.c tất ca’ các d̄u
.̀o.ng thă’ ng nà̆m

ngang là tam giác d̄a.c hoă.c tất ca’ các d̄u
.̀o.ng ấy không pha’i là tam giác d̄a.c.

Bài 263 Gia’ su.’ Q(x) là d̄a thú.c khác không. Chú.ng minh rà̆ng vó.i mỗi n ∈ Z+ d̄a thú.c
P (x) = (x− 1)nQ(x) có không ı́t ho.n n+ 1 hê. số khác không.
Bài 264 Gia’ su.’ M là tâ.p ho

.
. p tất ca’ các d̄a thú

.c có da.ng P (x) = ax
3 = bx2 + cx+ d (a, b, c, d ∈ R)

tho’a mãn bất d̄ă’ ng thú.c |P (x)| ≤ 1 vó.i x ∈ [−1, 1]. Chú.ng minh rà̆ng có số k tho’a mãn bất
d̄ă’ ng thú.c |a| ≤ k vó.i tất ca’ các d̄a thú.c P (x) ∈M . T̀ım giá tri. bé nhất cu’a k.
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Bài 265 Gia’ su.’ P,Q là các số tu.. nhiên tùy ý. Chú
.ng minh rà̆ng tò̂n ta. i d̄a thú

.c P (x) vó.i các

hê. số nguyên, sao cho tất ca’ các giá tri. trong khoa’ng I ⊂ R có d̄ô. dài
1

q
tho’a mãn bất d̄ă’ ng

thú.c |P (x)− pq| ≤ 1

q2
.

Bài 266 T̀ım tất ca’ các d̄a thú.c P (x) và Q(x) có bâ.c ba vó
.i các hê. số thu

.
. c tho’a mãn bốn d̄iè̂u

kiê.n :

a) Ca’ hai d̄a thú.c nhâ.n giá tri. 0 hoă.c 1 ta. i các d̄iê’m x = 1, 2, 3, 4

b) Nếu P (1) = 0 hoă.c P (2) = 1 th̀ı Q(1) = Q(3) = 1

c) Nếu P (2) = 0 hoă.c P (4) = 0 th̀ı Q(2) = Q(4) = 0

d) Nếu P (3) = 1 hoă.c P (4) = 1 th̀ı Q(1) = 0

Bài 267 D- a thú.c P (x) bâ.c n tho’a mãn các d̄ă’ ng thú
.c P (k) =

k

k + 1
vó.i k = 0, 1, . . . n. T̀ım P (n+1).

Bài 268 D- a thú.c P (x) bâ.c n tho’a mãn các d̄ă’ ng thú
.c P (k) =

1

Ckn+1
vó.i k = 0, 1, . . . n. T̀ım P (n+1).

Bài 269 Gia’ su.’ cho tru.́o.c các số nguyên x0 < x1 < . . . < xn. chú.ng minh rà̆ng giũ.a các giá tri.
cu’a d̄a thú.c xn+ a0xn−1+ · · ·+ an ta. i các d̄iê’m x0, x1, . . . , xn luôn t̀ım d̄u.o.. c mô.t số mà mô d̄un

cu’a nó không bé ho.n
n!

2n
.

Bài 270 D- a thú.c P (x) có bâ.c không ló
.n ho.n 2n. Biết rà̆ng mỗi số nguyên k ∈ [−n, n] d̄è̂u tho’a

mãn bất d̄ă’ ng thú.c |P (x)| ≤ 1. Chú.ng minh rà̆ng vó.i mo. i số x ∈ [−n, n] ta có bất d̄ă’ ng thú.c
|P (x)| ≤ 22n.
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