DE THI OLYPIC TOAN 1993

VONG 1
Thoi gian lam bai: 180 phut

Céu 1. a) Tim tdt cd cdc ma tran thye X = <§ ‘?) sao cho: X2 = (é ?)

b) Cho 2n $6 nguyén ai,..., an; by,..., b, thod man diéu kién a;b; + ... + a,b, = 0. Dat:
1+a1b1 albg albn
a2b1 1+ a2b2 N azbn
A= . .
anbi anba ... l1+ayb,
Tinh | det A|

A v T
Cau 2. a) Dat f(z) = max {a?arctga:, :1:2—+1} z € R.
Tim mot nguyén ham cia f(z) trén R.

bl
, , A dx
b) Tlnh thh phan I == O/W

Cau 3. a) Cho ham s6 f(z) xac dinh va c6 dao ham béc hai khong dong nhat bang khong
trén bat ky doan ndo cia R. Biét rang do thi y = f(z) cat dwong thang az + by + ¢ = 0 tai
ba diém phan biét. Ching minh rang ton tai zo € R sao cho f”(zo) = 0 va f’(z) doi ddu qua
Tr = Zg.

b) Ky hiéu P,(X) 1 tap hop moi da thitc ¢6 bac < n véi hé s6 thye. Cho hai s6 a, be R
khéc nhau. Xét anh xa f: P3(X) — P»(X) xac dinh theo cong thitc:

Vp(z) € P3(X):  f(p) =p(z+a)—p(z+Db).
i) HAi f ¢6 phai 1a toan anh khong.
ii) Tinh f=%(0).
VONG 2
Thoi gian lam bai: 180 phut

Cau 1. Cho 0 < a < 1. Chitng minh rang véi moi a, b € C, phiong trinh 23 —az+b =0 c6 it
nhat mot nghiém thod man diéu kién |z —a| <2 — a.

Cau 2. Cho 0 <z < Z; 0<y < +oo. Chimg minh bt ding thic
ylarctgy — z) < In (cos V1+ y2)
Héi khi nao c6 dang thirc?
Cau 3. Cho P(z) # const 1 da thitc véi hé s6 thiee. Chirng minh rang néu hé phirong trinh

P(t)sintdt = 0

C— g CP—sy

P(t)costdt =0



c6 nghiém thure thi s6 nghiém thue chi ¢6 thé 1a hiru han.
Cau 4. a) Cho hai ma tran thuc, vudng cap hai A va B. Gid thiét det(A + B) # 0 va

det(A — B) #0. Dat M = (g ﬁ) Chitng minh rang det M # 0.

b) Chitng minh khang dinh trén cho triromg hop 4 va B 1a hai ma tran vudéng cap n bat
ky.
DE THI OLYMPIC TOAN 1994
MON THI: DAI SO
Thoi gian lam bai: 180 phut

Cau 1. Cho a4, as, a3, as € R. Chitng minh rang ma tran

1+ a% —as —as ay
A— as 1+ a? ay as
N as aq 1+a? —ap
—ay —ag as 1+ a%

kha nghich. Tim det(A~")
Cau 2. Cho a;; 1a céc s6 thye nguyén (i,5 =1,...,n). Hay gidi hé:

1
sT1 = a11%1 + a12T2 + ... + a1nTy
5T2 = G21%1 + A22%2 + ... + GanZn

1, _
5Tn = Gnp1%1 + Gn2T2 + ... + AnpTh

2m] 2mj
CcoS lF) —sinﬂ
- n n . :
4= 27j 21y | JEN

sin —= Ccos ——
n n

Céu 3. Cho ma tran

Tinh tong
Sy =AE + AV + ...+ AP, (p,n € NT)

=318

z—0 \ n—oco I

1
Céau 4. Tim lim ( lim l(A” - E)); trong do A = ( T ) n € N, E la ma tran don vi.

Cau 5. Chitng minh ring néu A4 13 ma trdn vuong cap n véi A2 = E thi:

hang(A + E) + hang(E — A) = n.

Cau 6. Cho ma tran vuong cap hai A thod man A2 = A. Chitng minh rang dé AX — XA =0
(X 1& ma trdn vuong cap 2, 0 1a ma tran khong), cin va du la ton tai ma tran vuong cap
hai X, sao cho

X = AX + XoA — X,

DE THI OLYMPIC TOAN 1995
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MON THI: DAI SO
Thoi gian lam bai: 180 phut
Cau 1. Cho 4 13 ma tran vudéng cap n sao cho A~! = 34. Tinh: det(A1995 — A).
Céu 2. Cho cdc 6 ai; (i,5=1, 2,..., n) thod man cdc diéu kién :

aij+a; =0,Vi,j=1, 2,..., n)

Chitng minh rang hé phwong trinh

ai1r1 +asxs + ...+ a1z, =0
a2121 + a22%2 + ... + Q2T = 0

Ap1%1 + ApoXo + ...+ Gppty =0
c6 nghiém khong tam thuong.

2 1

Cau 3. Cho ma tran M = <1 5

> . Tinh M™ v&i n nguyén dwong cho trude.

Cau 4. Cho hai s6 thuc a, b (a #b), B = (b;) 1a ma tran vudng cip 6 dwgc xdc dinh nhu sau

r khi i=j
bij =14 a khi i#g, i+j=2n
khi i#j i+j=2n+1

(=)

6
Gid sir det A = Z ar(z — a)*
k=0

Tinh ay.

Cau 5. Cho ma tran vuong A = (a;;) cap n (n > 1) ¢6 hang . Xét ma tran A* = (4;;), trong
d6 A;; 14 phan bu dai s cla a;; trong A. Tim hang cia A*.

Cau 6. Cho B 1a ma tran vuong cap n va a la mot s6 thurc thod man diéu kién det(B—aFE) =0
v&i E la ma tran don vi.

Chttrng minh rang v&i moi ag,a4,...,a, € R, ne N, ta déu céd

n n
det <Z apB* — Z akakE> =0
k=0 k=0

DE THI OLYMPIC TOAN 1996
MON THI: DAI SO
Thoi gian lam bai: 180 phut
Cau 1. Cho P,(z) & da thitc bac n. Chitng minh rang:
i) P,(z™) chia hét cho z — 1 thi né chia hét cho z™ — 1.
ii) P,(z™) chia hét cho (z — a)* thi né chia hét cho (z™ —a™)* (a #0).
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0
i) Chitng minh rang néu A% =0 thi 42 = 0.

Cau 2. ChoA:(a ﬁ) a,b,c thue.

ii) X4c dinh a, b, ¢ sao cho ton tai n € N* dé A" = <1 0)

0 1
2
0
0

0 0 " an(n) a12(n) alg(n)

3 0 = agl(n) agg(n) 023(7’1,)
1 2 agl(n) a32(’n) a33(n)

Cau 4. Cho A 13 mot ma tran vudng cap n. Chirng minh rang néu A khong kha nghich thi

c6 thé thay thé céc phan tir a; clia A bdi 0 hodc 1, cdc phan tir khac gilt nguyén, dé nhan

duwoc ma tran méi S kha nghich.

Céu 3. Cho

Tinh  lm %20

Cau 5. Chitrng minh rang néu a # 0 thi hé

ar+(1-bly+cz+(1—dit=a
b-1lz+ay+(d—1)z+ct=0>
—cx+(1-dy+az+(b-1t=c
d-Dz—cy+(1-bz+at=d

luon luon c¢6 nghiém vb, ¢, d € R.

DETHI OLYMPIC TOAN 1997

MON THI: DAI SO
Thoi gian 1am bai: 180 phiit

Cau 1. Giéd st zo, yo, 2 la cdc s6 thuwc cho trude. Hay xéc dinh tat cd cdc so thuc
Tny, Yn, 2o (n=0, 1, 2,...) thod man hé phwong trinh :

Tpi1 = —Tp + Yn + 2n
{yn+1—$nyn+zn (n=0,1,2,...)
Zn+1 — Ip +yn — Zn
Cau 2. Cho cdc s6 nguyén dwong n va 7 (7 < n). Xét tat cd cdc ma tran vuong A = (a,;;) cap
n hang 7 trén truomg s6 thuce thod man hé thitc A2 = A. Tinh céc gid tri c6 thé cé cia bicu
thirc.
S=ai1+ax+...+anm

Cau 3. Chitng minh rang véi moi ma tran vuong cap n cho truwéc trén truomg s6 thuwe deu
tim dwgc soO nguyén dwong N sao cho hang A* = hang A**!. v&i moi k> N.

Cau 4. Tim ma tran nghich ddo cua ma tran sau:

co 200 2209 ... 2¢O
| ci 2ci ... 210}
0 0 o ... ¢

n
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Céu 5. Cho da thttc
1997
Px) = [[(@—k)*
k=1
goi G la tap hop tat cd cic da thitc v4i hé sé thue dang
"4 a " 4. . +a,, n=12 3 ...

Xéc dinh tat cd cac gia tri thuc a sao cho ton tai da thitc Q(z) € G thod man doéng thoi cic
dieu kien sau day:

P(z) # Q(x)

Qz)=0 khi z=1, 2,...,1997

Qz)#0 khi =z¢{1,2,...,1997}
)

P(z)=a vd Q(z)=a cbé nghiém déu thuc va
tap nghiém cuia ching trung nhau

DE THI OLYMPIC TOAN 1998

MON THI: DAI SO
Thoi gian lam bai: 180 phut
Cau 1. Dat:
Ala) = <cosa sina)

sin cos «
Chtrng minh rang: A(a)A(8) = A(a+ ). Tinh A» (g)
Cau 2. Gid st A 1a ma tran vuong cap n ( n 1a s6 18) v4i cdc phan tir 1a cde s6 1, —1. Goi

A, By, twong ting 1a tich cdc phan tir hang k, cot k ciia A. Chitng minh rang: Y " (Ax + By) #0
k=1

Cau 3. Goi A4 la ma tran n +1 hang, n+ 2 cot sau day:

@ op o8 G Cpg
0o ¢! ¢t ... ¢l ¢l
ol 0o o 2 ... o2 ooz,
0o 0 ¢z .. 2 C2,

Goi Dy 1a dinh thitc cia ma tran nhan dwoc tit A bang cidch gach bd cot tht k (k =
1, 2,,...,n+2). Chimg minh rang D, = C¥71.

1 1 1
2 1
Caud. Cho A=1o0 3 1
1
0 0 5

} a11(n) aiz(n) ai3(n)
Dat A" = agl(n) agz(’n) agg(’n)

az1(n) aszz(n) ass(n)



Tim ngrfw a;j(n), voii,j =1,2,3.
Cau 5. M la tap tat cd cidc ma tran vuong c& n x n, (n € N*), c¢6 cdc phan tir 14 1 hodc —1
. Cho B € M c6 det B # 0. Chtrng minh ton tai A € M sao cho |det A| = |det B|, A c6 tong
cic phan tir trén cling mot hang deu 16n hon hoac bang khong, tong cic phan tit trén cling
mot cot déu lém hon hodc bang khong.

DE THI OLYMPIC TOAN 1999

MON THI: DAI SO
Thoi gian 1am bai: 180 phiit

xr
— 1999
Cau 1. a) Cho ma tran A = ( 1998 )
2000
Ky hiéu A" = (011(n,x) ai2(n, m)) .

as1(n,x) age(n,x)

Tinh lim lim a;(n,z), 4,j=1,2.

n—o0 r—1

b) Cho f(z) = 2'9% + 22 — 1 va cho ma tran

4 3 0 0
2 3 0 0
¢= 4 9 -1 0
1 2 5 2

Tinh det f(C).

Cau 2. a) Cho 4, B la cdc ma tran vudng cdp n. Chirng minh rang tap céc gi tri riéng cla
AB va BA trung nhau.
b) Cho 4 14 ma tran cé 1999 dong va 2000 cot. Goi A’ 1a ma tran chuyén vi cla A va B
14 ma tran phu hop clia ma tran A’A. Biét rang det(A4’) # 0 va B # 0. Xéc dinh hang cia B.
Cau 3. Gid st da thitc vdi hé s6 thue P(z) = ap + a1z +. .. +a,z™ ¢6 n nghiém thuye phan biét.
Chitrng minh rang
ap_10p41 < ay, Vk=1,2,....n—1.

Cau 4. Gidi hé phuong trinh

T, + 229 +3x3+...+nz, =1
To+2x3+3x4+...+nx1 =2

DE THI OLYMPIC TOAN 2000
MON THI: DAI SO
Thoi gian lam bai: 180 phut

Cau 1. Cho s6 nguyén dwong m > 1 va s6 phitc a ¢6 mo6 dun bang 1. Chirng minh rang
phuong trinh
(1 + ix)m .

1—x
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c6 cac nghiém déu thue.

Cau 2. Cho 4, B la cdc ma tran vudng cap n thda man cdc diéu kién :
AB =BA, A¥” =0, B =0

Chtrng minh rang E + A + B kha nghich.

Cau 3. Chitng minh rang tich cia hai ma tran phan déi xitng 4, B 14 mot ma tran phan déi
xtrng khi va chi khi AB = —BA.

Cau 4. Cho ma tran vuong A cap n c6 cac phan tir trén duong chéo chinh bang khéng céc
phan tir con lai bang 1 hodc 2000. Chitng minh rang hang cia A bang »n hoéc bang n — 1.

Cau 5. Cho a,b € R. Tim tat cd céc da thitc P(z) thoa man diéu kién

xP(x —a) = (x — b)P(x)

DE THI OLYMPIC TOAN 2001

MON THI: DAI SO
Theoi gian lam bai: 180 phut

1 0 1
Caul Chomatran A=(0 1 2
0 0 -1

hay tim t4t cd ma tran vuong B cip 3 sao cho AB+ BA=0

Cau 2. Cho céc ma tran vudéng thuc A, B va thda man cdc diéu kién sau 4200 =0, AB = A+ B.
Chtrng minh rang det B = 0.

Cau 3. Cho a,b,c,d,e 1a cdc s6 thwe. Chirng minh minh rang néu phuwong trinh az? + (b +
c)x +d+e =0 c6 nghiém thuc trén [1,+o00) thi phwong trinh az?* + b2 + c2? + dzr + e = 0 cling
c6 nghiém thurc.

Cau 4. Ki hiéu (a,b) 1a tich vo huéng cia hai véc to (a,b) € R*. Cho céc véc to ay,az,...,ar €R"
doc 1ap tuyén tinh. Dat

(a1,a1) (a1,a2) ... (a1,a)

as,a1) (ag,a oo (ag2,a)
A 2,01 2. 2) (2'

(ak;a1) (ak;&z) (ak;ak)

Chirng minh rang

1) det(4) # 0 2) A la ma tran d6i xitng va ¢ cdc gid tri riéng khong am.

Cau 5. Cho ma tran A vudng cap n c6 cdc phan tir deu la nhirng s6 nguyén chan. Ching
minh rang ma tran A khong thé cé gia tri riéng 1a mot s6 nguyén 1é.

Cau 6. Cho a,b € R vGi a #b. Tinh dinh thitc cda ma tran vudng cap » nhu sau:

a+b ab 0 0
1 a+b ab 0
0 1 a+b ... 0
0 0 0 ... a-+b
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DE THI OLYMPIC TOAN 2002

MON THI: DAI SO
Thoi gian lam bai: 180 phut
Céau 1. Cho hé phuong trinh

axy + bxg 4+ brs + -+ - + brager + braoz =1
bx1 + axy + brs + - - - + bxagor + brgo2 = 2

bx1 + brs + bxs + - - - + axagor + bxrogo2 = 2001
by + bxa + bxs + - - - + bxogor + ax2002 = 2002

Tim diéu kién cla a,b dé hé da cho c6 nghiém duy nhat.

V3 5

_Jr]_ ——
Cau2. Cho A=| 2 2

1
e
2 2
Tinh 42002,
Cau 3. Cho hé phuong trinh tuyén tinh c6 10 phwong trinh va 11 an s6. Biét rang:
1) B0 s6 (1999,1993, . ..,2002) 14 mot nghiém cia hé phwong trinh da cho.

2) Khi x6a ¢ot thit i trong ma tran hé sé cia hé phwong trinh da cho thi ta dwgc mdt ma
tran vuong c6 dinh thitc ding bang j (j =1,2,,...,11)

Hay tim tat cd cdc nghiém cia hé phwong trinh da cho.
Cau 4. Cho P,Q 14 hai ma tran vuoéng cap »n thda man diéu kién sau:
P’P=P Q*=Q
va I — (P + Q) kha nghich. Chitng minh rang r(P) = r(Q).
Cau 5. Ton tai hay khong mot da thitc P(z) bac 2002 sao cho P(z? —2001) chia hét cho P(z).

Cau 6. Cho B 13 ma tran thuc vuong cap n cé hang bang 1. Chitng minh ring ton tai duy
nhét s6 thue A sao cho B2 = AB.

DE THI OLYMPIC TOAN 2003

MON THI: DAI SO
Theoi gian lam bai: 180 phut

Céau 1. Cho ma tran

a b 0 0
b -1 0
A= 0 -1 a b
0 0 b a

vGi a,b 14 cic s6 thuce, o > |b|. Hay chi ra rdng moi gid tri riéng clda A déu la cdc so thuec
duwong.

Cau 2. Biét rang moi gid tri riéng clia ma tran déi xirng déu cé cac gid tri riéng 14 s6 thue.
Chitng minh rang néu «, 3,7 1a cic so thuc khdc khong va a,b, ¢, d, p,q 1a cdc s6 thuc tuy ¥,

8



thi ma tran

oy}

1
o
o o
Rele 8
= (=]
Wk & wle

=T+
R LT R
v

~ 7 ’ .7 . oA N ~
cung co cac gia tri rieng la so thuec.

Cau 3. Tinh tong S, = dy +ds + - + dy, trong dé dj, 1a cac dinh thitc cdp k (k = 2,3,...,n)

dang:
e o 1 1 ... 1 1
1 0 r ... x T
dp=|...
1 x T ... T
1 T r ... =z 0

Cau 4. Cho P va @ 1a hai ma tran vuong cap n thda man cdc diéu kién sau: PQ = QP va ton
tai cdc s6 nguyén dwong s,r sao cho P* = Q" = 0. Chitng minh rang cdc ma tran E + (P + Q)
va E — (P 4+ Q) la cdc ma tran kha nghich.

Cau 5. Cho 4 13 ma tran vuéng thoéa man diéu kién 4200 = 0. Chtrng minh rang véi moi s6
nguyén duong n ta ¢ rankA = rank(A+ A2 + ... + A™).

Céu 6. Cho ma tran

142 1 1 1
A— 1 142 1 1
1 1 1+ z3 1

1 1 1 1+ x4

trong do i, xs,z3, x4 1& cdc nghiém cua da thitc f(z) = 2* — 2+ 1. Tinh det A.
Cau 7. Cho da thitc v&i hé s6 thuwe P(z) bac n (n > 1) ¢6 m nghiém thirc. Chirng minh rang
da thirc

Q(z) = (z* + 1)P(z) + P'(x)
c6 it nhat m nghiém thure.

DE THI OLYMPIC TOAN 2004

MON THI: DAI SO
Theoi gian lam bai: 180 phut

Céu 1. Cho cidc ma tran
-1 -3 0 -1 -3 -3
A= -3 2 1 B = 0 -2 5
0 1 -1 -3 1 1

a) Tinh B = T-1AT

b) Tim céc gia tri riéng va véc to riéng cua ma tran A.

Cau 2. Chirng minh rang véi moi ma tran vuoéng thwe cdp hai 4, B, C ta ludn cé
(AB — BA)*C = C(AB — BA)*™*

Cau 3. Biét rang cic ma tran vuong A, B deéu la nghiém cia da thitc f(z) = 22 — = va
AB + BA = 0. Tinh det(A - B)?



Cau 4. Cho ma tran thuc A = (a;;) thda man diéu kién :

0. =40 néu i=j
K +1 néu i#j
Chitng minh rang:
a) Néu n =3, thi ton tai ma tran A d€ sao cho det A = 0.
b) Néu n =4 ta ludén cb det A # 0.
Cau 5. a) X4c dinh da thitc f(z) dang:
f(z) =2° —32* 4+ 223 + az® + bz + ¢
biét rang né chia hét cho da thitc (z — 1)(z + 1)(z — 2).
b) Cho P(z), Q(z), R(z) l1a cdc da thitc ¢6 hé s6 thuc ¢6 bac twong tng 14 3,2,3 théa man
dieu kién [P(z)+Q(@)]? = [R(2)]2. Hdi da thitc T(z) = P(2)Q(z)R(z) c6 it nhat bo nhiéu nghiém
thue (ké cd boi).

CAC BAI TAP KHAC

TiNH DINH THUC

1. Tinh dinh thirc bang sir dung cac bién ddi so cdp
Bail Tinh dinh thitc cia ma tran A = (a;;) véi a;; = min{i, 5}
Huéng dan: L&y hang n trir hangn — 1, . . . , hang 2 trir hang 1 thu dugc dinh thiic tam gidc
Dép s6: 1.
Bai 2 Cho ma tran A = (ai;)nxn VOi a;; = max(i, ). Tinh det A
Hudng dan: Lay cédc cot 1,2,...,n — 1 trir di c6t ding sau né, thu dugc dinh thitc tam gidc.
Dép s6: n(—1)""1L.

Bai3 Tinh dinh thitc

ap, T T T
T ay x
D=|x =z a3 x
r x T ... ap

Huéng dan: L&y hang 2,3,...n trir hang 1, sau d6 rit thira s6 (aj — ) khéi cot j, va dua vé dugc dinh thitc tam

gidc

Bai 4 Tinh dinh thitc

1 2 3 n
-1 0 3 n
pD=|-1 -2 0 n
-1 -2 -3 0



Huéng dan: Céng hang 1 vao cdc hang 2,3, ...n, dugc ma tran tam gidc

Bai5 Tinh dinh thitc

I a2 a3 [N QA1n
I Io a23 N aon
D=1|%1 o I3 N asgn
I Io T3 N In
Huéng dan: Lay hang n trir hang n — 1, hang n — 1 trir hangn — 2, . . . , hang 2 trir hang 1, duoc dinh thitc tam
gidc.
Bai6 Tinh dinh thirc
1 . 1 1 1
aiq e ai ay; — b1 al
D = as ‘e ag — b2 a9 as
a, —b, ... an, an an
Huéng dan: L&y cot n trir cot n+ 1, cotn — 1 trir cot n, . . ., cot 1 trir cot 2, duge dinh thitc tam gidc.
Bai7 Tinh dinh thic
ag ap a2 Qn
- 0 0
D=0 —x T 0
0 0 0 z
Huéng dan: Lay cét n — 1 céng vao cot n, cot n — 2 cong vao cétn — 1, . . . , c6t 1 céng vao cot 2, dugc dinh
thizc tam giac.
Bai8 Tinh dinh thic
1 2 3 n
1 z+1 3 n
D=1 2 z+1 n
1 2 3 oo x+1

Huéng dan: L&y cot thit j (j = 2,3...,n) trir j Ian cot 1, duge dinh thitc tam gidc.

Bai9 Tinh dinh thitc

1 1 1 1

1 2—=z 1 1
D=1 1 3—x 1

1 1 1 ... n+l—=z

Huéng dan: L&y cot thit j (j = 2,3...,n+ 1) trir c6t 1, dugc dinh thitc tam gidc.

Bai 10 Tinh dinh thic

ao ay a9 N Qanp
agp Xz a9 (¢7%Y
D=1 a1 x an,
agp ay a9 PN T
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Hudng dan: Riit thira s6 ag khdi cét 1, sau d6 ldy cot tha j (§ = 2,3...,n+ 1) trir a; lan cét 1, dugc dinh thitc
tam giac.

Bai 11 Tinh dinh thtc

1 2 3 ... n-1 n
1 3 3 ... n-—-1 n
1 2 5 ... n-—-1 n
D=|. . . . .
1 2 3 ... 2n-—3 n
1 2 3 ... n—-1 2n-1

Huéng dan: L&y cdc hang 2,3,...,n trir di hang 1, thu duoc dinh thitc tam gidc.
Pép s6: (n — 1)!

Bai 12 Tinh dinh thitc

1 a; ao ... an
1 a;+0b; as . A
D = 1 ay as + b2 . (07%%
]_ a1 a9 e Qp + bn
Huéng dan: Lay cdc hang 2,3, ...,n trit di hang 1, thu duogc dinh thitc tam gidc.
Dap s6: biby ... b,
Bai13 Tinh dinh thitc
2 2 2 2 1
2 2 2 2 2
R A A
2 n—-1 ... 2 2 2
n 2 e 2 2 2
Huéng dan: Lay cédc cot 1,2,...,n — 1 trir di ¢c6t n, thu dugc dinh thitc tam gidc.
n2_n
Pép s6: (—1)"="2(n — 2)!
Bai 14 Tinh dinh thic
1 n n n
n 2 n n
D=|n n 3 n

Huéng dan: Lay cdc hang (cot) 1,2,...,n — 1 trix di hang (c6t) n, thu dugc dinh thitc tam gidc.
Dép s6: (—1)" " In!

Bai 15 Tinh dinh thic

z y 0 0 0 O
0 =z vy O 0 0
0 0 =z y 0 0
D=0 0 0 =z 0 0
0 0 0 O T Yy
y 0 0 O 0 =«
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Hudng dan: Khai trién theo cot 1
Dép s6: ™ + (—1)"Tlym,

Bai 16 Tinh dinh thirc

1 b1 0
-1 1-b bo
0 0 0

0 0 0
0 0 0
bs 0 0
0 -1 1-0b,

Huéng dan: Céng n hang 2,3,...,n + 1 vao hang 1, sau dé khai trién theo hang 1.

Pép s6: 1.

Bai 17 Tinh dinh thitc
x ay as
aiy i as
ay ag xZ

D =

ay a2 as
a; a2 ag

Hudéng dan: Lay hang 1 trir hang 2, hang 2 trir hang 3, . .

cudi.
Ddp s6: (z —a1)(z —az)...(x — ap).

Bai 18 Tinh dinh thitc

ap -1 0

ai T -1

D= as 0 T
Qp—1 0 0

an 0 0

n—1

Huéng dan: Nhan hang 1 véi ™, nhan hang 2 véi x™ ", . . .

sau dé khai trién theo hang cudi cling.
Pép s6: agx™ + a1z L+ Fan_1z+an

Bai 19 Tinh dinh thitc

1 2 3
-1 =z 0
p=| " T
0 0 0
0 0 0

Huéng dan: Tuong tu bai 18.
"t -1 n+1

@-12 z-1

Dép s6:

13

Anp—1 1
An—1 1
Ap—1 1
T 1
an 1

., hang n trir hang n + 1, sau dé khai trién theo cot

0 0 0
0 0 0
-1 0 0
0 r -1
0 0 T

, nhan hang n véi x, roi cong tat cd vao hang n + 1,

n—1 n
0 0
0 0
T 0
-1 T



Bai 20 Tinh dinh thtc

n -1 0 0 0 0
n—1 « -1 0 0 0
o 2 0 z -1 0 0
2 0 0 0 z -1
1 0 0 0 0 T
Huéng dan: Tuong tu bai 18.
i o6 nx™ z" —1
4p SO: — .
L (x —1)2
Bai 21 Tinh dinh thic
1 x R S
all 1 X x2 oozt
D =as Qa922 1 x "2
Gnl an2 an3 Gn4 s 1
Huéng dan: Lay hang 1 trir di © 1n hang 2, sau dé 1dy hang 2 trir di x Idn hang 3, . . . , Idy hang n trir di © Ian

hang n + 1, dugc dinh thitc tam gidc
Pdp s6: (1 —a1z)(1 — agez) ... (1 — appx).

Bai 22 Tinh dinh thirc

1 Cc} Cc? N O N Ol
1 ct, c:, ... C= 0
1 ¢, ¢2, ... 0 0
1 a3 C3 0 0
1 Ct 0 0 0
agp aq ag ap—1 Ay,

Hudng dan: Lay cot k (k = 2,3,...n+ 1) nhan véi (—1)* rdi cong vao cot 1, sau d6 khai trién theo cot 1.

. n(n+1)
Dap so: (71) 2 [ao —a1+azx — ...+ (*1)”(17,,}.
Bai 23 Tinh dinh thitc
0 1 1 1 1
1 0 =z T T
1 = 0 T T
D= .
1 z = ... 0 =x
1 =z =z ... =z 0
Huéng dan: L&y cdc hang 2,3, ...,n trir x I1an hang 1, sau dé I&y x I1an hang 1 va cac hang 2,3,...,n — 1 cong

vao hang n, lién tiép khai trién theo hang cudi cét cudi.
bép s6: (—1)""Y(n — 1)z" 2

Bai 24 Tinh dinh thic

x ay as Qnp
ay i a9 e QA
D=|a; ay =« an
ay as as .o x

14



Hudéng dan: Céng cdc cot 2,3,...,n+ 1 vao cét 1, sau dé riit thita s6 chung cda cot 1 ra ngoai, va lan luot 18y
hang 2,3,...n+ 1 trir di hang 1, thu dugc dinh thitc tam gidc.

Pdp s6: (x4 a1 +as+ - +ap)(x—a1)(z—az2)...(z—a,).
Bai 25 Tinh dinh thitc
1 1 1 1
1 o L
p=|1 ¢ G Chi
L A cliy C3s
Huéng dan: Buéc 1, 18y hang n trir hang n — 1, hangn — 1 trir hangm — 2, . . . , hang 2 trir hang 1. Sau dé khai
trién theo c6t 1. Budc 2 18y hang n — 1 trir hang n — 2, hang n — 2 trir hangn — 3, . . . , hang 2 trir hang 1. Tiép
tuc khai trién theo cét 1. Budc 3,4, ... thuc hién tuong tu.
Pdp so: 1.
Bai 26 Tinh dinh thic
1 1 1 1
ch Chu o Chi Chiin
D= Cm+1 Cm+2 m—+3 Cm+n+1
7Trlz+n71 C;L’L+n C;L%JrnJrl C;L”LJranl

Hudng dan: Buédc 1, 18y cot n+ 1 trir cot n, cot n trir cotn—1, . . .
hang 1. Buédc 2, 1ay cot n trir cotn — 1, cot m — 1 trir cot n — 2, . . .

, cot 2 trir c6t 1. Sau dé khai trién theo
, cot 2 trir c6t 1. Tiép tuc khai trién theo

hang 1. Budc 3,4, ... thuc hién tuong tu.

Ddp s6: 1.
Bai 27 Tinh dinh thic
1 1 0 0 0
1 ¢ 2 o 0
bl d @ q 0
1l 2 o8 cn-1

m
Huéng dan: Lay cot i, i = 2,3...n nhan véi (—1)""! rdi cong vao cong 1. Sir dung Z(fl)kan =1-1)"=0

k=0
n—1

va Z(—l)’“c,’j =(1—-1"—(=1)" = (—1)""'. Sau d6 khai trién theo cot 1, thu dugc dinh thitc tam gidc.
k=0

Pdp so: 1.
Bai 28 'Tinh dinh thirc
1 Cc} Cc? cr
1 2
1 C7]1-+1 Cg+1 CT?+1
D=1 Crra Chyo Ciiva
1 G G &
Huéng dan: Buéce 1, 14y hang n trir hang n — 1, hang n — 1 trir hangn — 2, . . . , hang 2 trir hang 1. Sau dé khai
trién theo c¢6t 1. Budc 2 14y hang n — 1 trir hang n — 2, hang n — 2 trir hangn — 3, . . . , hang 2 trir hang 1. Tiép
tuc khai trién theo c6t 1. Budc 3,4, ... thuc hién tuong tu.
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Dbdp s6: 1.
Bai 29 Tinh dinh thitc

p+n p+n+1 p+n+2 ce p+2n
n n n mn
C};L+n+1 C%+n+2 C}:L+n+3 e C];L+2n+1
D= |Cnie Chinis Cpinga o Cfiongo
n n n mn
Cp+2n C’17-&-2n+1 Cp+2n+2 ce Cp-i-?m

Hudng dan: Budc 1: Lay cdc hang k€ tir hang thi hai trd di trir di hang lién trén cia né. Budc hai véi két qua
thu duogc bat dau tir hang thi ba trd di trir hang lién trén cia né. Budc 3,4, . ..n thuc hién tuong tu. Tir két qia
thu dugc ta tinh dugc dinh thic.
n(nt1)

2

Dép s6: (—1)

Bai 30 Tinh dinh thtc

1 +2
ce, cpftocpt2 o cpn
CP Pl cPt2 p+n
m+1 m—+1 m—+1 s m+1
D p+1 p+2 p+n
D = Cm+2 Cm+2 Cm+2 e Cm+2
CP p+1 p+2 p+n
+n m—+n m—+n e m—+n

X n —_ ~ . A A ~ N \
Hudéng dan: Sit dung cong thirc C']Tf = %Ck ! chiing ta rit thira s6 chung m tir hang 1, thita s6 m + 1 tir hang 2,

n—1’

. PR .1 .
., thira s6 m + n tir ¢ot cudi, dong thoi rit thira s6 — tir c¢ét 1, thira s6

tir cot thi hai, . . . , thira s6
er;n tir cot cudi. Vi két qud thu dugc bién déi tuong tir
+1 ~mt1 +1
D4 . CglJrnCrTrLH-n—l e TTrLL-i-n—p-i-l
ap So: Cntiontl n+l
n+p~nt+p—1--*~n+l
Bai 31 Tinh dinh thtc
nlag (n—1)lax (n—2)laz ... an
—n T 0 ... 0
D=0 —(n-1) x ... 0
0 0 0 .z
Huéng dan: Lay hang 2 nhan (n — 1)!, hang 3 nhan (n — 2)!, . . . Sau d6 riit thira s6 chung n! & ¢t 1, (n —1)! &
cot 2, . . .
Dép s6: n!(apz™ + a1z + az™ %+ ay).
Bai 32 Tinh dinh thic
apx™ a1zl axz™? ... ap_1z  an
agl b1 0 . 0 0
apx? a1z by .. 0 0
D =
apx™ 1 a1z 2 asx™ ... b1 0
apx™ a1zt asx™? ... an_1x by




Hudng dan: L&y hang 2 nhan ™!, hang 3 nhan x

n
Dép 56: aozz:" H(bl - ai).
i=1

Bai 33 Tinh dinh thic

1 2
2 3
D=3 4
n 1

Huéng dan: Lay hang 2 trir hang 1, hang 3 trir hang 2, . .

cbéng vao cot 1, khai trién theo cét 1, . . .

CICEI +1
2

Bai 3¢ Tinh dinh thitc

Diép s6: (—1 n" L

Hudng dan: Ly hang 2 trir ™' Iin hang 1, hang 3 trir "2 hang 1, .

dinh thitc tam gidc

Pidp s6: (1 — x™)"~ L

=~ W

2

n—2
y oo

. Sau d6 rit thira s6 chung ™ & ¢t 1, "1 & cot 2, .

n—1 n
n 1
1 2

n—2 n-—1

. hang n trir hang n — 1. Sau dé 18y cét 2,3,...,n

xn—2 xn—l
xn—S xn—2
xn—4 xn—3
zn! 1

. ., hang n trir x 1dn hang 1, thu duoc

Bai 35 Cho ma tran vudng cip n, A = (aij)nxn, trong dé a;; = |i — j|. Tinh det A.

Huéng dan: L&y céc hang 2,3, ...,n trir di hang ditng truéc né , sau dé 1y cac hang 2,3, ...,n cong vao hang 1,

roi khai trién theo hang 1.

Pdp s6: (—1)""1(n —1)2"~2

2. Tinh dinh thirc bang phuong phap truy hoi
Bai 36 'Tinh dinh thic

a1b1 a1b2 a1b3 a1bn
a1b2 a2b2 a2b3 agbn
D= |aibs  axbs asbs asby,
albn a2bn a3bn anbn
. b
Huéng dan: Chitng minh riang D,, = 5 " (anbp—1 — an_1b,)Dy_1.
n—1
Bai 37 Tinh dinh thtic
ap aiq a9 (07%%
Y1 21 0 0
D = 0 —Y2 i) ‘e 0
0 0 0 Ty
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Huéng dan: Chitng minh rdng Dy11 = T Dy + an¥1ys - - - Yn.
Bai 38 Tinh dinh thic

0 1 1 1
1 a O 0
D = 1 0 a9 0
1 0 0 ... ay

Huéng dan: Dy11 = apn Dy, — a1as ... an—1. Hay gidi cdch khéc.

Bai 39 Tinh dinh thic

1 2 3 4 n

1 2 3 n—1

D=1 = 1 2 n—2
1 =z =z = ... 1

Huéng dan: L&y cét n trir di m — 1 va trir c6t 1, sau d6 khai trién theo cét cudi ta thu duge D,, = (—z)Dp_1
Dép s6: (—1)" " 1g" 2,

Bai 40 Tinh dinh thic

1 2 3 4 n

x 1 2 3 n—1
D=z x 1 2 n—2

r Tr x x 1

Huéng dan: Sit dung 1 =z + (1 — ) tdch D thanh hai s6 hang va stt dung bai truée
bdp s6: (—1)"[(x — )™ — z™].

Bai 41 Tinh dinh thitc

1 0 0 0 0 1
1 ag 0 0 0 0
1 1 a O 0 0
pD=[1 0 1 as 0 0
1 0 0 0 ... any O
1 0 0 0 ... 1 oa,

Huéng dan: Khai trién theo cét 2 thu duge D, = a1 D,,—1 + (—1)™.

Cédch khac: Thuc hién bién ddj Lg—a1L3+a1a2L4—. . .+(—1)”+1a1a2 . an,an+1—|—(—l)"+2a1a2 N anLl —
Lo, sau dé rit thira s6 chung khdi dong 2, sit dung dong 2 khit cdc phan tit cot 1

Dép s6: a1as . ..An — G102 ... Qp_1 + Q102 ... Qo — -+ (=1)""ag + (—1)".

Bai 42 Tinh dinh thic

3 2 0 0
1 3 2 0
D=1/0 1 3 0
0 00 ... 3

Huéng dan: Chitng minh rdng D,, = 3D,,_1 — 2D, _».
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Bai 43 Tinh dinh thtc

5 6 0 0 0 0 0
4 5 6 0 0 0 0
0 1 3 2 0 0 0
D=|0 0 1 3 2 0 0
0 0 0 0 0 3 2
0 0 0 0 0 1 3
Huéng dan: Chitng minh rang D,, = 3D,,_1 — 2D, _>, n > 2.
Bai 44 Tinh dinh thic
a+f8 af 0 0 0
1 a+pB ap 0 0
0 1 a+f af 0
D=1 9 0 1 a+p 0
0 0 0 0 . a+p
Huéng dan: Chitng minh rang D, = (o + 3)Dy—1 — 8Dy, _s.
Bai 45 Tinh dinh thitc
2 L 0 0 0 0
1 2 L 0 0 0
D=0 1 2 % 0 0
0 0 0 0 1 %
x . 2 1
Huéng dan: Chitng minh D,, = —D,,_1 — —2Dn,2
x x
1
Piép s6: nt .
xn
Bai 46 Tinh dinh thitc
0 = =z T
y 0 =z x
y y 0 z
v vy ... 0
Hudng dan: Stt dung 0 = x — x dé tdch hang 1, tir d6 chi ra dugc D,, = —xD,,_1 + x(—y)"~ ! (Tuong tu
D, = _yDn—l + y(_x)n—l)‘
n—1_ ,n—1
Pap s6: (—1)"layt——Y
r—=y
Bai 47 Tinh dinh thtc
a T T x
Yy a x T
D=|Y Y a €
Yy Yy Yy ... a

Huéng dan: Stt dung a = &+ (a — x) dé tdch hang 1, tir d6 chi ra dugc D,, = (a — 2)Dp—1 +x(a —y)" " (Tuong
tw Dn = (a —y)Dpy +y(a—2)"71).
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z(a—y)" —yla—x)"
x—y '

Bai 48 'Tinh dinh thic

Pép s6:

a T x
Yy ay T ... T
D=Y Yy a3 ... =x
Yy Y Y ... Gy

Huéng dan: St dung a, =y + (a, —y) dé tdch hang n, tir d6 chi ra duoc Dy, = (ap —y)Dp—1 +y(a1 — z)(az —

z)...(ap—1 — ) (Tuong tu D,, = (@, — 2)Dp—1 + (a1 — y) (a2 — y) ... (an—1 — V).

zf(y) —yf(z)
r—y

Bai 49 Tinh dinh thic

Dép 56" véi f(2) = (a1 — 2)(ag — 2) ... (an — 2).

0 1 1 1 1
1 a1 = T x
1 y a = T
D=1y y a x
1 v vy vy ... ay

Hudng dan: L&y cdc hang 2,3,...,n + 1 trir di x 1in hang 1, sau dé ldy hang 2 trir hang 3, hang 3 trir hang 4,

. . ., hang n trir hang n + 1. Khai trién két qia thu dugc theo cét 1, roi theo cét cudi, thu dugc cong thic

D, =(an —x)Dp_1— (a1 —y)(az —y) ... (an—1 — y).

f(z) — fy)
r—y

Bai50 Tinh dinh thitc

Dép 56 véi f(z) = (a1 — 2)(ag — 2) ... (an, — 2)

z 1 0 0 0 0

n—1 T 2 0 0 0

0 n-2 =z 3 0 0

D=1 o 0 n-3 z 0 0
0 0 0 0 ... 1 =z

Huéng dan: Chitng minh rdng Dy(z) = (x +n—1)Dp_q1(z — 1)

Dép s6: H(m+n—2k+1) hay la (%2 —1)(22—3%) ... [22—(n—1)?] khin chin, z(z?—22)(22—42) ... [z —(n—1)?]

k=1
khin I1é.
Bai51 Tinh dinh thic
agp 1 1 1 1
1 a 0 O 0
D = 1 0 ay 0 0
1 0O 0 0 ... ap

Huéng dan: Khai trién theo cét cudi thu dugc D, = a,D,,_1 — ai1as...a,_1. Cdch khdc: Riit thita sé a; khdi
cot © + 1 sau d6 dung phép khi.

L. 1 1 1
Dap s6: alag...an(ao ————— ——)
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Bai 52 Tinh dinh thic

co b b b b
a ¢ 0 0 0
D=]|a 0 C2 0 0
a 0 0 O Cn
Huéng dan: Quy vé bai trudc
1 1 1
Ddp s6: abclcg...cn(c—o ————— ——)
ab 1 e Cn
Bai 53 Tinh dinh thic
1 —b -b -b ... —b
1 na -2b -3 ... —(n—-1»
D=1 (n-1)a a -3 ... —(n—-1)»
1 2a a a e a
Huéng dan: L&y cdc hang 1,2,...,n — 1 trir di hang bén dudi cia nd, khai trién két qua thu dugc theo cét 1 ta
quy vé dugc bai trudc.
Pdp s6: a(a +b)(a+2b)...[a+ ( 1)b](1+ ! + . +--+ - )
4p s6: ala a a4+ (n PRy M (=)
Bai 54 Tinh dinh thic
1-0 ba 0 0o ... 0
-1 1—10y bs 0o ... 0
D= 0 -1 1—bs by ... 0
0 0 0 0 ... 1-b,
Huéng dan: Ching minh rang D, =1 —b;D,,_1.
Pdp s6: 1 — by +biba — -+ + (—=1)"b1by ... by.
Bai 55 'Tinh dinh thic
0 ag as PN Qp
b1 0 as PN Qp
D= b1 b2 0 e O,
bl b2 b3 e 0
Huéng dan: Lay hang 1 trir hang 2, hang 2 trir hang 3, . . . , hang n — 1 trir hang n. Khai trién két qud thu duogc
theo cot 1 dugce D, =-bD,,_1+ (—1)"+1b1a2a3 e Q.
Piép s6: (71)"*1(b1a2a3 ...Qp +biboas...a, + -+ bibabs. .. an).
Bai 56 Tinh dinh thic
ag+a; ap 0 0 e 0 0
aq aiy as as ‘e 0 0
D= 0 a2 az+az3 as ... 0 0
0 0 0 0 ... Gpn-1 Gpn_1-+ta,

Huéng dan: Chitng minh rdng Dy, = (ap—1 + an)Dp—1 — a%_1 Dy

21



. 1 1 1
Dap s6: aoalag...an(—+_+...+_>_
Qg aq (o7

Bai 57 Tinh dinh thic

1 2
1 Cl'p C2'p .. Cr’;
1 Ozi-l—l Cg+1 o O
D=1 G2 Gz - G
ol 2 n
1 Cpr Cpiy Cpin
Huéng dan: L&y hang n + 1 trir hang n, hang n trir hangn — 1, . . . |, hang 2 trir hang 1, thu dugoc D, = D,,_1
DPap s6: 1
Bai 58 'Tinh dinh thic
o c! e ck
Coyr Chpn o O
02+k C7ll+k e 07];:+k
Huéng dan: Xem bai trén
Bai50 Tinh dinh thitc
1 0 0 0 0 1
1 ¢t o0 0 0 x
1 Cy C2 0 0 x?
D=11 ¢t ¢z 3 0 b
1 Clo2 o8 (metogn
Hudng dan: Lay hang n + 1 trir hang n, hang n trir hangn — 1, . . . , hang 2 trir hang 1, sau dé khai trién theo
cét 1. Chitng minh dugc D,, = (x — 1) D1
Daép s6: (x —1)™.
Bai 60 Tinh dinh thic
1 0 0 0 0 1
1 1 0 0 0 x
1 2 2! 0 0 z?
1 3 3.2 3! 0 z3
1 4 4.3 4.3.2 4! z?
1 n nn-1 nnh-1)n-2) nnrh-1)n-2)(n-3) ... "
Huéng dan: Riit thira s6 chung k! tir cot k + 1 va quy vé bai trudc.
bdp s6: 112!...(n — D)l(z — 1)™.
Bai61 Tinh dinh thitc
1 0 0 0 0 )
1 Cct 0 0 0 1
1 C} C2 0 0 )
D=11 ¢t ¢z 3 0 3
1 ¢t c2 c3 cr-t oz,



Huéng dan: Chitng minh Dy y1(z, Z1,...,2n) = Dp(21 — 2o, 2 — T1, .., Ty — Tp—1)-

Bai 62 Tinh dinh thic

1 C2 0 0 e 0
1 c: C3... 0
PO R Bre e B
1 C? c3 c: ... Cr
1 C?%+1 Coti Cppr oo Ol
Hudng dan: Lay hang n trir hang n — 1, hangn — 1 trir di hangn — 2, . . . , hang 2 trir hang 1. Sau dé lay hang
k

thit i, i = 2,3,...,n nhan véi (—1)*~! va céng vao cot 1, sit dung Z(fl)inL = —1. Khai trién theo hang 1 ta
i=1

thu dugc D,, = D,, 1 +1

Pép s6: n.

3. Tinh dinh thic bang cach tach hang cét

Bai 63 'Tinh dinh thic

T+ ay as as Ay,

ai T+ as as A,

D = ai as xr+az ... anp,
ai as as .. x+an

Dép s6: 2" + (a1 +ag + -+ a,)z" L

Bai 64 Tinh dinh thic

X1 a9 as . (07
a1 T2 as (07
D=|a a2 I3 anp
aq as as In
Huéng dan: Tdch z; = (x; — a;) + a;
. a a a
Ddp 56" (a1—xl)(ag—xg)...(an—mn)(l—i— LI 2 +...+7n>.
r1 — aq T2 — A2 Tp — Qn
Bai 65 'Tinh dinh thic
z+1 T T e T
T T+ 2 T ... T
D=| =z T T+3 ... x
x x x . TN

Huéng dan: Téch dong thit 4 thanh dong (z,x,...x) vai(0,0,...,1,...,0), khi d6 D dugc tich thanh 2™ 56 hang,
56 hang c6 > 2 dong chita T cé gid tri bang khéng.

~ x x x
Pép s6: n!(1+x—|——+__|_..._|__).
2 3 n
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Bai 66 'Tinh dinh thic

z+1 T T
T T+ 2 T

D = x x x+4
T T T

Huéng dan: Téach dong thit i thanh dong (x,x,...z) va 2¢(0,0,...

hang, s6 hang c6 > 2 dong chita T cé gia tri bing khéng.

. nD 1
Dédp s6: 27 2 [1+x(2—2—n>}.

Bai 67 'Tinh dinh thtc

rz+1 T x
x a:—i—% x
D= x x m—&—%
T T x

. . 1
Huéng dan: T4ch dong thit i thanh dong (x,z,...z) va =(0,0,...
7

hang, s6 hang c¢6 > 2 dong chita T c6 gia tri bing khéng.
1 n(n+1
gx} ,

Dap s6: — |1
ap 5o n! + 2

Bai 68 'Tinh dinh thic

r+1 T T
x T+ a x

D= T T x + a?
T T T

Huéng dan: Téch dong thit i thanh dong (z,z,...x) va a'(0,0,..

hang, s6 hang c6 > 2 dong chita x c6 gid tri bing khéng.

P = N amtl —1 }
ap SO: Q 2 r———.
P a™(a—1)

Bai 69 Tinh dinh thic

(z1 — a1)? a3

2 2

aj (z2 — as9)
D= . .
af a3

x
x
x
x+2"
,1,...,0), khi dé6 D duogc tdch thanh 2™ s6

1
;c+n

,1,...,0), khi d6 D dugc tdch thanh 2™ s6

xT
€T
T

T+ a”

.y1,...,0), khi d6 D duoc tach thanh 2™ s6

I3 N

(Zn - an)?

Huéng dan: Téch (z; — a;)? = (22 — 22;a;) + a2, tir d6 tach D thanh 2™ s6 hang, cdc s6 hang c6 it honn — 1 cot

chita (27 — 2x;a;) c6 gid tri bing khong.
n
o Z a? ] 2
Dap s6: |1+ m H(ml — 20,21:1)
P T =1
Bai 70 )
(1 —a1) aiaz aias
2
as.aq ($2 4’&2) ao20a3
2
D—=| asa azas (3 — a3)
an a1 anag ana3
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Hudng dan: Téch (z; — a;)? = (x% —2x;a;) + a?, tir d6 tach D thanh 2™ s6 hang, cdc s6 hang c¢6 it honn — 1 cot

chita (z? — 2x;a;) ¢6 gid tri bing khong.

n

z ~ a2
Dap SO: [1 + Z 1’2——12(],741'2:| H(Qfg - 26%3?1)
=1 7 i=1

Bai 71 Tinh dinh thtc
0 1
X1 al
D= T2 X2
I3 I3
Ty Tn
Huéng dan: T4ch hang1: 0 =1—1
Ddp s6: (a1 — z1)(a2 — 22) ... (an — Ty) — a1a2.
Bai 72 Tinh dinh thtc
T
asby
D =

asby

anbl anb2

Huéng dan: Téch x; = (iCZ — azbz) + a;b;

Dép 56: (a:l — albl)(asg — azbg) N (a:n — anbn)(

Bai 73 Tinh dinh thic
1+ T1Y1
D= 1+ 2z

1+ ITnlY1

Hudng dan: Véin > 3 tdch hang thi ¢ cia D thanh hai hang (1,1,...,1) va (z;y1, Y2, -

1 1
0 0
a9 0
I3 as
In Tp
.. Q.
a1b2 a1b3
T2 a2b3
a3b2 I3
anbg
a1b asb
14+ 4+ 224
X1 i)
1+ 21y2
1+ zoy2
1+ TnlY2

S oo
o oo

albn
a2bn
a3bn

Tn

1+ 21y,
1 + Ta2Yn

1+ 2nyn
.y TiYn), khi d6D

tdch thanh 2™ dinh thic. Cdc dinh thiic dé cé it nhat hai hang ti 16 nén cé gid tri bang khong, suy ra D = 0.
n = 1,n = 2 tinh trirc tiép. C6 thé chi tdch hang 1 rdi diing phép khi.

Bai 74 Tinh dinh thic

14+a1+b
az + by

an + b1

Huéng dan: Téch hang thit ¢ thanh hai hang (0,0,...,1,...

a1 + bo
1+az+0b2

an + by

,0) va (ai—l—bl,ai—l—bg,..

a1 + by,
as + b,

1+a, +b,
., a; + by), tir d6 tdch D

thanh 2™ s6 hang. Méi s6 hang cé it hon n — 2 hang don vi thi cé gid tri bing khéng (Tuong tu bai 13).

Ddp s6: 1+ Z(az + bl) + Z (ai — ak)(bi — bk)

i=1 1<i<k<n

Bai 75 Tinh dinh thic

T1Y1
1+ zoy1

1+ TnlY1

14+ 2192
T2Y2

1+ TnlY2
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Huéng dan: St dung z;y; = (—1) + (1 + z;y;) va tdch dinh thitc tuong tu bai 74.

n
Pdp s6: (—1)" [1 —-n— Z T;Y; +
im1 1<i<k<n

Bai 76 Tinh dinh thtc

r1 + a1by
a2b1
anbl
Huéng dan: Téch céc cot
" a;b;
N 104
Pép s6: xlxg...:cn(lJrZ z )
=1
Bai 77 Tinh dinh thic
al —x
abtm — g

D =

gptn(n=1) _ o gptn(n—1)+1 _

a1bo

Zo + azby

Gnp, b2

aPtt — g
aPtntl — g

> (@i —m) (i - yk)]

X

Huéng din: Téch dong thit i thanh hiéu hai dong aPt(—Dm (1,
thanh 2" s6 hang. n > 3 cdc s6 hang déu bing khong. n = 1,2 tinh truc tiép.

Bai 78 'Tinh dinh thic

1—=x a

a a’? —zx
D a2 a3

a” 1 a

albn
a2bn

Tp + apby

aPtnl
ap+2n71 —z

J:
aPtn -1 g

.,a™) vax(l,1,...,1), khi d6 D dugc téch

a2 anfl
a® a™
at—z antl
an+1 a2n72 —r
,a" 1) va (0,0,...,—x,...,0), khi d6 D tdch thanh

Huéng dan: Téch hang thit i thanh hai hang a*~*(1,a,...
téng 2™ s6 hang, mdi s6 hang c6 < n — 2 dong chita x thi cé gid tri bang khoéng.

n—1 a®" — 1:|

Dip s (-1 [a" -
ap s6: (—1)"|z" —x poa)

4. Dinh thirc Vandermon
Bai 79 Tinh dinh thic

Z1
1 — 1
T1
.D == x%
x?_l
k k—1y  Li

Huéng dan: St dung mf = (zf —27h)

thitc Vandermon
n

” T
Dap so:

H (x; — ).

1<i<j<n

dé riit thira sé
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Bai 80 Tinh dinh thic

n n—1 n—212 n
af aj 1b1 aj Qb% - T
n n— n— 7
D — (1,2 a2 b2 a2 b2 “e. 2
n n—1 n—212 n
Upy1 Opyibny1 apTbny oo by

Huéng dan: Véi b; # 0 ta rut thira s6 b} ra khéi hang thit 4, thu dugc dinh thitc Vandermon.

papss: [ (aibk — axbi).
1<i<k<n

Bai 81 Tinh dinh thic

a; T T3 ... x?fl
2 n—1
a2 T2 xr e X
D= 2 2
an T, T2 n—t

Huéng dan: Khai trién dinh thitc theo c6t 1, cdc s6 hang thu duoc déu la dinh thiic Vandermon

Pdp s6: (—1)"* Ha:z H (xg —a:z)[zL} & day f(z) = (z —z)(z —22) ... (T — xp).

e
i=1  1<i<k<n =1 xi f (:Ez)

Bai 82 Tinh dinh thic

n—2 n
1 = a:% A , 7
1 z =z xy b
D= 2 2 2 2
1 =z, 22 xn=2?  gn
Huéng dan: Xét dinh thitc Vandermon
1z 2% ... af
1 xzp 23 ... ¥
D =

2 n

1 z, = ... z

2 n

1 v vy ...y

Khai trién dinh thitc theo hang cudi, suy ra hé s6 cia y" ' 1a (—1)D.

Pdp s6: (1 +xo + -+ Ty) H (xj — ;).
1<i<j<n

Bai 83 Tinh dinh thitc

1 22 a3 7
1 22 a3 Ty
D =
1 22 a3 zn
Huéng dan: Xét dinh thitc Vandermon

1z 23 7

1 oy 23 Ty

D= cee e ..

1 =z, 2 Ty

2 n

Ly oy Y

Khai trién dinh thitc theo hang cudi, suy ra hé s6 cia y 1a (—1)"+3D.
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1 1 1
Dép s6: xlxg...mn(—+—+~~-+—> H (-Tj_mi)v

1 T2 Tn/ycidi<n
Bai 84 'Tinh dinh thic
1z —1) 2} -1 ... 27 Yo —1)
D_ 1 xa(ze—1) zd(xa—1) ... zh Y az—1)
1 zp(z,—1) 22(zn—1) ... a:z_l(xn —-1)

Huéng dan: St dung 1 = x; — (x; — 1) dé tdch c6t 1, D tdch thanh hiéu, rit thita s6 chung trong cdc hang cia
méi s6 hang thu dugc dinh thitc Vandermon

Dip s6: (2172 2p — (11— D(z2—1) ... (@a =] [ (25 — ).

1<i<j<n
Bai85 Tinh dinh thitc
14+ l—l—a:% oo 1427
D= l+zy 1+23 ... 1428
l1+z, 1+22 ... 1+a2an
Huéng dan: L&y cot n trir cot n—1, cotn—1 trir cétn—2, . . ., c6t 2 trir c6t 1. Sau dé st dung 1 = x; — (z; — 1)

dé tach cot 1, D tach thanh hiéu, riit thira s6 chung trong cdc hang ciia méi sé hang thu dugc dinh thitc Vandermon

Dip s6: 2013 .. wn — (w1 — V(@ — 1) ... (zn = )] [ (&5 —20).

1<i<j<n
Bai 86 Tinh dinh thirc
1 cospr cos2p1 ... cos(n—1)p;
p_| 1 cospz cos2py ... cos(n — 1)
1 cosgn, cos2p, ... cos(n—1)p,

Hudng dan: Biéu dién coske thanh da thitc cia cos ¢ véi s6 hang cap cao nhat 1a 2F cos® ¢ (c6 thé dimg cong
thitc Moarvo va ddng thitc 1 + C2 + Ct + - = 2k71)

Diép s6: 2(n—1)* H sin 2° —; i gin ¥ ; L)

1<i<j<n

Bai 87 Tinh dinh thic

sinyp; sin2p; ... sinng;
D— singps  sin2py ... sinngs
sing, sin2y¢, ... sinng,

Huéng dan: Biéu dién sinke thanh tich ctia sing va mét da thitc cia cosy véi s6 hang cdp cao nhat la
2F=1cosh~1 o

» 1) . . e 2 R 2Rl
Piap s6: 2"V sin @y sin g, . .. sin @, H sin 2 5 3 gin £ 5 LN
1<i<j<n
Bai 88 Gid st ay,as,...,a, 1 cdc s6 nguyén. Dat
1 1 1
ai az an
D= .
al_1 a2_1 an—t



n—1
Ching minh rang D chia hét cho ) s!.

s=1
5. Phuong phap nhan tir hoa
Bai 89 Tinh dinh thic

(a1 +b1)"t (a1 +b2)"t ... (a1 +by)?

Tt @t

Huéng dan: Néu b; = bj, i # j thi D = 0 nén D chita thira s6 (b; — b;). vv...

Cédch khdc: Rit thira s6 chung tir hang thit ¢ ra ngoai. Sau dé ldy cdc hang 1,2, ...,n — 1 trir di hang n.

a; n
b b —a)(bn — b
Sit dung bidn dgi 20~ Gntbe (00 = @) bn =) P s g (an — a;) khdi hang i va thira s6
a;+b;  an+b;  (ai+b;)(an + b))

by, — b;
khéi cot j ta dugc
an + bj
_ 1 " (an — a;) (b, — bi)D
" an by 14 (an +bi)(ai+b,) T
I [a; —ai)®; — b))
Dép s6: ISK]Snn

H (a; + b;)

i,7=1

Bai 90 Tinh dinh thtc

1 1 1
p_|®iTa @mTe T z1—an
1 1 1
Tp— Q1 Ty —Qo Ty —ap
Huéng dan xem bai trude.
I [(@—=)(a; —a)]
Piép s6: 1si<jsn —~
11 (=i —ay)
ij=1
Bai 91 Tinh dinh thirc
1 1 1
1 z z -
2 3 n
1 1 1 1
2 3 4 n+1
p=|L 1 1
3 4 5 n -+ 2
i i i i
n n+l n+2 7 2n

Hudéng dan: Xem bai trudce

[11213!... (n — )13
nl(n+ 1)l (n+2)!...(2n - 1)

Ddp s6:
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6. Tinh dinh thirc bang phép phan tich ma tran thanh tich hai ma tran

Bai 92 Tinh dinh thic

Huéng dan: Phan tich dinh thitc thanh tich cda hai dinh thic Vandermon cia hai b6 s6 (a1,as,...

(b1,b2,...,b,)
Déip 56: H (aj — ai)(bj — bl)
1<i<j<n

Bai 93 Tinh dinh thitc

1—alb? 11— alby

1 —a1b1 1 —a1b2

1—a

npn npn
T 1-a

272

1-— a2b1 1-— a2b2

1—alb? 1—a’by

1-— anbl 1-— anbg

1—alb}
1—ab,
1—a3b}
1-— agbn
1—alb?
1—a,b,

(ao +bo)"  (ao+b1)" (ao + by)"
b (a1 +bo)" (a1 +b1)" (a1 +bn)"
(an —+ bo)n (an —+ bl)n (an + bn)n
Huéng dan: Tuong tu bai trudc
bip s6: CoCa...Cr [[  (a; —ai)(b; —b3).
1<i<j<n
Bai 94 Tinh dinh thitc
1n—1 2n—1 nn—l
2n—1 371,—1 (TL + 1)n—1
D= . .
nnfl (TL + 1)n71 (2’]’L _ 1)n71
Huéng dan: Xem bai trudc
Dip s6: (—1)™ 52 [(n — 1)1].
Bai 95 Tinh dinh thic
S0 S1 52 Sn—1
S1 S9 S3 Sn
D: S92 S3 Sq 3n+1 Sk:xlf+$§+"'+xfr
Sp—1  Sn  Spa+1 S2n—2
Huéng dan: Bi€u dién dudi dang tich cia hai dinh thitc Vandermon cia bb s6 T1,Ta,. .., Ty
Dép 56 H (zj — ;)2
1<i<j<n
Bai 96 'Tinh dinh thic
So S1 52 Sp—1
S1 52 83 Sn
D=|% S3 S4 Snt1 X sp=ar fak+. k.
Sn Sn+1 Sn+2 S2n—1 X
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Huéng dan: Biéu dién dudi dang tich hai dinh thitc

1 1 ... 1 1 1 1 e 1 0

T To ... Tp T T To ... Tp 0

x? 3 ... 22 x? va x2 r3 ... 12 0

L B e L P}

xy Ty ... zn z" 0 0 0 1

n
Dép 56: H(l‘ - :171') H (Ij - IZ‘)2.
i=1 1<i<j<n

Bai 97 Tinh dinh thic

—x a b c
a —x c b
D =
c —-r a
c b a -

Huéng dan: Nhan vao bén trdi cia dinh thitc da cho dinh thitc sau

1 1 1 1
1 1 -1 -1
1 -1 1 -1
1 -1 -1 1

bapsé (a+b+c—a)(c—a—-b—2a)a—b—c—z)(b—a—c—2zx).

Bai 98 Chitng minh rang

ay a9 as N Ay
[07% a1 as e Ap—1
Gn-1 Gn A1 - Gn=21 = f(eg)f(e2)... f(en),
az as Q4 ... a1
trong d6 f(z) = a1+ asx + -+ apz™ ' VA €1, €9,...,6, 12 cic cin bac n cia don vi.

Hudéng dan: Nhan vao bén phdi dinh thitc da cho dinh thitc Vandermon

1 e e ... et
1 e e ... ef?
2 -1
1 e, € en
Bai 99 Chitng minh rang
al as as PN Qp,
as as aq N ai
a3 as a a V-2
304 A5 e G2 = (1) 2 fe)f(e2) . flen),
[(07%Y ai a9 N Qp—1
trong d6 f(z) = n1 v 14 c4c cdn ba la don vi
g ) =ai + axx + + anx va €1, €2,...,€5 la CaC Can bDacC n Cua AON VI.

Huéng dan: Xem bai trudc
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Bai 100 Tinh dinh thitc

1 a a2 ... a1

an ! 1 2 a2

D=|a —2 anfl 1 an73
a a? a’ 1

Huéng dan: Ap dung bai 93. Déi chiéu véi bai 31.
Dép s6: (1 —a™)" L

Bai 101 Tinh dinh thitc

1 ct c? crt 1
1 1 ¢ ... ¢cn2 o contt
p_lert 1 1 L. o3 on2
cr o2 c3 1 1
e 0 néu nlé
Dip s6: [1+ (—1)"]" :{ .
ap 56 {14 (=1)"] 2™  néu n chan
Bai 102 Tinh dinh thitc
a b ¢ d
d a b c
D= c d a b
b ¢ d a
Hudng dan: St dung bai 99
B 103 Tinh dinh thirc
cosf cos260 cos30 ... cos nf
cosnfl  cosf cos20 ... cos(n—1)0
cos260 cos30 cos4f ... cosf
Huéng dén: Ap dung bai 99
0 — 1o — (1 — )" 0 2)0
Dép s6: [cos Cos(nz?—l _) c]os 6)( cos nb) = 92" 2gn" 2 % [sin” (TH_T) — sin
Bai 104 Tinh dinh thic
12 22 32 TL2
n? 12 22 (n—1)2
D=|(n=12 n* 17 (n —2)?
22 3;2 42 12
Hudng dan: Ap dung bai 99
1)(2 1)nn—2
Bap s6: (~1)n—tPEDEE DT o )

12
32



Bai 105 Tinh dinh thitc

ai ag as NN QA

—Qnp ai as “ee QAp—1
D=|"0n-1 —0Qn a cee Qn-—2

—Aa —as —Qq e aiy

Hudéng dan: Nhan vao bén tréi dinh thitc da cho dinh thitc Vandermon

1 m ni .. nfii

Lome m oo g

1 m, n2 ... gt
trong dé m1,M2, . - ., Nn 1a cdc cdn bacn cia —1

Ddp s6: f(m)f(n2) ... f(ma) véi f(z) = a1 + az + -+ + apa”™ '
Bai 106 Tinh dinh thitc

1 1 1 1 . 1
1 € g2 g3 gnt
1 g2 et b g2(n—1) & da o2 s 27
- € = COs — sin —.
1 e3 b &9 63(77, 1) y TL 1 ”
i gn;l 52(7;71) 63(7;71) B s(n;1)2
Huéng dan: St dung
n 0 0 O

o
o
o
o 3

D*=[0 0 ... n = (=1)Cr-1pn
n 0... 0 0

.2 no ., ~ ) . .,
suy ra D = +i®n-1n% va stt dung két qua cia dinh thitc Vandermon

Ddp s6: (—I)Ciicﬁz*ln% =
/. . / A 7 . 1
Bai 107 Tinh dinh thic ma tran 4 = (aij)nxn V01 ajj = ——
(t4+7—-1)!
Huréng dén: rit cdc thira s — tit hang 1, ———— tir hang 2 L i ha thira 56 (n — 1)! tir cot
uwéng dan: riit cdc thira s6 — ang 1, ———— tir hang 2,. . . , ————— tir hang n, thita s6 (n — 1)! tir c6
g ! pl A8 (n+1)! 8 (2n —1)! g '
1, thirta s6 (n — 2)! tir c6t 2, . . ., thita s6 1! tir cot n, ta dugc
Cc} c: ... (C»
1
120 (n—1)! Chyi Chia o Ry
det A = ) ]
(n+Dln+2)...2n —1)! : _ . :
Cs1 O3y . CHT

Sau dé 18y cdc hang 2,3, ...,n trixr di hang phia trén cda né. Tiép theo 18y cdc hang 3,4, ...,n trix di hang phia
trén dé. Ci tiép tuc nhu vay ta thu dugc dinh thitc tam gidc .
n(n 121 _ |

(n+3) 12 . (n—1)

Pdp s6: (—1) (n+D!(n+2)...2n - 1)V

Bai 108 Gid stt m va n 1 cdc sO tw nhién, m > 1, z¢, x1, ...,zm_1 1a cic s6 thuc. Gid
SU A = {ci;}7 9" 1& ma tran vuong c& m® v&i cdc phan t ¢;; = 227 ...2]""! trong dé

0 "1
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00,7151 in_1; J0sj1s---,Jn—1 12 cdc sO nguyén trong doan [0,m — 1] x4c dinh tir cdc déng thire

i=id0+mi+mZig+--+m i,

J=jo+myji+miis 4+ +m" i,y

Tinh dinh thitc cia ma tran A,,,,.

Bai 109 Tinh dinh thic

P(z) P(x+1) ... Plxz+n)
P'(z) P(zx+1) ... Plz+n)
D= : : . :
P& P™W(z+1) ... P®(z+n)

véi P(z) =z(z+1)...(x+n) van € N.

Hudng dan: Néu P(z) = apz™ + ayz™ ' + -+ an_12 + ay, thi

ap a1 as ... ap " (x4+ 1) (x+2) ... (z+n)"
0 nag (n—1a; ... a ||2"! (z+1)"t (z+2)»1 ... (z+n)"!

D=0 0 nn-1a ... 2a||z"? (@+1)" 2 (z4+2)" 2 ... (z+n)"?
0 O 0 ... nlag 1 1 1 . 1

Bai 110 a) Cho P = (pij)nxn V61 pij = 1 néu i chia hét cho j, va p;; = 0 néu i khong chia hét
cho j. Hay tinh det P.

b) Cho Q = (gij)nxn VOi ¢i; 1a wéce s6 chung 16m nhat cia i va j. Hay tinh det Q.
7. Déng thirc va bat déng thirc clia dinh thirc

Bai 111 Khong tinh gi4 tri cia cdc dinh thitc hay chitng minh dang thitc

ay b1 0 0 N 0 0 ay b101 0 0 0 0
C1 as b2 0 PN 0 0 1 a9 b262 0 ‘e 0 0
0 b2 as C3 PN 0 0l=1]0 1 as Cgbg ‘e 0 0
0 0 0 0 ... b1 ap 0 0 0 0 ... 1 a,
Huéng dan: Chitng minh bing quy nap
Bai112 Cho sy =af+af+ - +2f (k=1,2,3,..)
pP=T1T2...Tnp.
Chitrng minh rang
n+1 S1 So ... Sn n S1 So eee Sp_1
S1 S92 S3 N Sn+1 S1 S2 S3 e Sn
So S3 S4 . Spa2 | — p2 So S3 S4 e Sn+1
Sn Sp41 Sp+4-2 v S2n Sn—1 Sn Sn+1 cos S2n—1
Huéng dan: Biéu dién VT la binh phuong dinh thitc Vandermon cia b6 s6 0, x1, T2, ..., Ty.
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Bai 113 Chitng minh rang néu

aip] — & ai12 e QA1n
any agy — T N (0579
D(z) =
an1 an2 ‘e Apn — T

thi tich D(z)D(—z) c6 thé biéu dién dwgc dudi dang

A11 — (E2 A12 N Aln
A21 A22 — CC2 . Agn
Anl Ang N Ann — {E2

& day A;; khong phu thude vao 2. Tinh A;; thong qua ay.
Dép s6: Aij = Zaikakj.
k=1

Bai 114 Cho dinh thitc

ail ai2 e A1n

a1 a922 e agn
D =

an1 an2 e Apn

va goi A;; 1a phan bu dai s6 cia a;;. Chitng minh ran
Y J I J

a1l a1 oo ain T1
a1 a2 ‘e a2n, Lo n
=Dz — Z Al]-z'zyg
anp1  Gp2 ceo OGnp Tp b=l
Y1 Y2 ‘e Yn z
Huéng dan: Khai trién theo dong cudi va cot cudi.
Bai 115 Chitrng minh rang ddi véi ma tran c& 10 x 10
0 1 0 0
0 0 1 0
A— o .
0 0 0 1
10719 0 0 0
ching ta cé det(A — AE) = A0 — 1010,
Huéng dan: Khai trién theo cot 1.
Bai 116 Chirng minh rang » > 3 thi
C11 C12 C11 C13
‘Gz e Cn 1 C1 €22 C21  C23
— n—2 e .
et c c c c
eni Cna oo Com 11 C12 1 Ci3
Cn1 Cn2 Cn1 Cn3
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Hudng dan: Bién doi:

C11 C12 e Cin C11 C12 e Cin
1 C11€21 C11€C22 ... C11C2p 1 0 ci1ce2 —c21c12 ... C11C2n — C21C1n
VT = . . | = . : : =VF.
n—1 : : " : n—1 1| : .. .
C11 : : . : C11 .
C11Cn1  C11Cp2 ... Ci11Cpn 0 ciicn2 —cCpiCi2 ... CliCpn — CniCln

Bai 117 Tim tong tat cd cic dinh thitc cap n trong dé trén moéi dong va moi cdt cé mot
phan tir bang 1 con lai bang 0. C6 bao nhiéu dinh thitc nhu vay.

Huéng dan: Chi ra rdng tong la gid tri cia dinh thitc c6 cdc phan tir déu la 1 nén cé két qua bdng khéng. S6 sé
hang bang sé cdc phép thé bac n.

Bai 118 Chitrng minh rang dinh thirc

1 1 1
T1+ Y1 T2+ Y1 Tn + Y1
D = (1 +y1) (21 + 92) (2 +y1)(22 + ¥2) (T +y1)(@n + y2)
(x14+y1).-- (@1 +Yn-1) (z24wy1)... (@24 Yn-1) ... (Tn+y1) - - (Tn+Yn-1)

khong phu thuoc vao yi,vs,. .., Yn_1.

Huéng dan: Buéc 1: 1dy dong 2 trir y; dong 1, dong 3 trir yo dong 2, . . . , dong n trir y,_1 dong n — 1.
Budc 2: dong 3 trir y; dong 2, dong 4 trir yo dong 3,. . .

Bai 119 Chirng minh dang thitc

s —ap S — ag S — anp ay ag (07%

S — ap s —ap S —0anp—1 1 Qp, ai Ap—1
= (=) (n-1)

S — Qg S —as S —ap ag as ajq

(’)‘déys:al—i—ag—i—'u—&—an.

Huéng dan: L&y céc cét 2,3,...,n céng vao cot 1, sau dé riit thira sé chung tir cét 1 ra ngoai. Sau délay cot
2,3,...,n trix cét 1...

Bai 120 Liéu c6 ton tai ma tran cap 12 x 12 chi gom céc s6 —1, 0, 1 ¢6 dinh thitc bang 1981.
Huéng dan: Phan tich 1981 = 219 4+ ;2% + -+ + a9.2 + ayo, a; = 0,1. Xét dinh thiic:

1 aq as as aio 0 1 (¢5) ag as aio 0
-1 1 1 1 1 1 -1 2 0 O 0 0
0o -1 1 1 1 1 0o -1 2 0 0 0
0 0 -1 1 1 1|1=10 0o -1 2 0

0 0 o 0 ... 1 1 0 o o o0 ... 2 0
0 0 o o0 ... -1 1 0 o o o0 ... -1 1

Lién tiép khai trién theo cot cudi ta thu dugc gid tri dinh thitc 1a 1981.

Bai 121 Chitng minh rang khi n > 3, dinh thitc D cip n c6 tat cd cic phan tir bang 1 hoic
—1 luon théa man bat dang thitc [D| < (n—1)(n— 1)

Hudéng dan: Chitng minh bang quy nap

Véin = 3, trong cédc dinh thitc ¢é cdc phan tir 1a +1 ¢6 gid tri khdc khéng ta cé thé d6i ddu cdc hang 1,2, 3, sau

dé ddi ddu cot 2,3 (chi lam dinh thitc d6i ddu) dé thu dugc mét trong hai trudng hgp
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1 1 1 1 1 1
1 -1 1 |=4 hoic 1 1 —-1|=-4
1 1 -1 1 -1 -1

Nhu véy [D| < 4= (3 1)(3 - 1)!

St dung gid thiét quy nap va khai trién D theo dong 1

|D| = |+ My £ Myg £ -+ £ M| < |Mu|+ | Mi2|+--+ [Mip| <nn—2)(n—2)! < (n—1)(n—1)!
(vin(n —2) < (n—1)2). Ta cé két qua.

Bai 122 Tim gia tri lém nhéat cia dinh thitc cAp 3 c6 hai phan tir bang 4 cdc phan tir con lai
la 1 hoac —1.

4 1 -1
Huéng dan: Pinh thitc | -1 1 1 | = 25 va ta sé chi ra dé 1a gid tri cAn tim.
1 -1 4

TH1: Néu hai phan tit 4 thudc cting moét hang hay mét cot thi phan bu dai s6 cia cdc phan tit thuéc hang (cot) dé
c6 gia tri tuyét doi khéng qud 2 nén dinh thitc khéong qud 4.2 +4 >2+1.2 =18

TH2: Néu hai phan tit 4 khong ciing hang cling c6t. Ta thay tong cdc gia tri tuyét d6i cia cdc s6 hang trong khai
trién Sarius 14 16 +4 + 4+ 1+ 1+ 1 = 27 va gia tri dinh thitc 1a 27 néu cdc s6 hang ciing duong. Diéu nay khéng
x4y ra vi tich cdc s6 hang 4&m. Do D 16 va |D| < 27 nén |D| < 25.

Bai 123 Gid st A = (a;;) 1a ma trdn ¢ n x n ma a;; = ij. Tinh £(0) véi:

f(z) =det(Az + E).

n
Hudng dan: f(z) = Z ¢;x’ nén f(0) =c.
1=0

- - D@2n+1
Dépsﬁ:zaii22i2:n(n+ )6( nt )
=1 =1

Bai 124 Cho D la dinh thitc cap 2004, trong dé cdc phan tir cda D 14 0 hodic 1 va moi hang
moi cot cia D ¢6 ding 1002 phan tir 14 1. Chitng minh rang D chia hét cho 10022.

Hudng dan: Céng cdc hang vao hang 1, rit thira s6 chung 1002 ra ngoai. Khit cdc phan tir cé gid tri 1 & cét mét.
Khai trién theo cét 1 véi két qua thu duoc cong tat cd vao cot 1. . .

8. Ma tran suy bién, khéng suy bién

Bai 124 Cho D 14 dinh thitc cap 4, trong d6 cdc phin tir cia D 14 0 ho#ic 1 vA moi hang moi
cot cia D c6 ding hai phan tir 1a 1. Chitng minh rdng D = 0.

Huéng dan: Hay chi ra rdng cé hai hang cida D c6 téng 1a (1,1,1,1).

Bai 124 Cho Ay,...,\, 14 céc s6 thuc khéc nhau va khéc v4i 0, -1, —2, ..., —n+ 1. Ching
minh rang dinh thitc sau khac khong

1 ) L

)\1 " .

1 1 1

D= A +1 Ao+ 1 A +1
i i i
M+n—1 X+n-1 A +n—1




Huéng dan: Xem bai 91.

Bai 125 Chirng minh rang dinh thitc ciia mot ma tran cap & bang khong néu ma tran thda
man diéu kién a;; = —a;; (ma tran phan déi xiing).

Huéng dan: det A = det AT = det(—A) = — det A nén det A = 0.

Bai 126 Gid stt A vA B 1A cdc ma trdn vudng cap 1999. Chtimg minh ring néu nhuwr AB =0
thi it nhdt mot trong hai ma tran A + A7, B + BT 14 ma tran suy bién.

Huéng dan: Coi A, B la céc ma tran cia céc dnh xa ¢, : R*? — R Do AB = 0 nén o) = 0, suy ra
Imyp C Kerep. Vi vay, r(B) = dim(Imy) < dim(Kerp) = 1999 — r(A), tic la r(A) + r(B) < 1999 . Viy mét
trong hai s6 (A) var(B) 1a < 999. Néur(A) < 999 thi r(A+ AT) < r(A) +7r(AT) < 1998 < 1999 nén A+ AT
suy bién.

Bai 127 Gid sir 4 14 ma tran vudng cap n ma trén dudomg chéo chinh 1a cdc s6 0 con ngoai
dudmg chéo 1a +1. Chitng minh rang v&i n chan ma tran A 13 khong suy bién con véi n 1é
thi ma tran A cé thé la suy bién.

Huéng dan: Gid st A = (a;;) ta thdy det A Ia s6 nguyén.

Vé6in chan. Ta thay doi dong 1, bing cdch thay a1j,j # 1 béi 1. Khi d6 A déi thanh A;. det Ay —det A =
Z(l — a1j)Aq; chdn vi Aq; 1a s6 nguyén va (1 — ay;) chan. Tiép theo thay asj, j # 2 bdi 1 & hang 2 ta dugc
771

Ag voidet Ay — det Ay chdn, . . ., tiép tuc ta thu dugc
011 ... 1
1 01 1
A,=11 10 1
1 11 ... 0

Dodet A, = (—1)""*(n — 1) 1 nén det A 1&
Véin = 2k + 1 1é thi néu méi hang cia A cé k phan tir bang 1, k phan tit 1 —1 thi det A = 0.

Bai 128 Chitrng minh dinh thitc sau khéc khong

1 2 .. 1974 1975

22 32 .. 19757 19762

D=| 3 43 ... 1976° 19763
1975197 19761970 .. 197617 10761970

Huéng dan: Chira D 1é bing cdc thay dan theo ting hang: néu a;; chan thay bdng 0, néu a;; 1é thay bing 1.

Bai 129 Cho A = (aij)gxg c6 tinh Chgt Qi > Z |aij\ véi i = 1,2,3. Chfrng minh r?mg det A # 0.
oy
3
Huéng dan: Phan chiing. Gid sit det A = 0, suy ra ton tai A1, A\a, A3 sao cho Z Ajai; = 0. Dat [A\g| = max |Aj]
. <5<
j=1
khi do |/\k||akk| = |Zx\jakj| < |/\k| Z |ajk\, suy ra |>\k| < Z |ajk|, mau thuan.
ik 7k 7k
Bai 130 Cho A va B la cdc ma tran vudéng cung c& va thda man cic hé thitc AB = BA,
AW — B AY® — B, Chtrng minh rang ma tran A + B + E kha nghich.

Bai 131 Gid st Ay, A, ...,A,41 13 cdc ma tran c¢& n x n. Chtrng minh rang tim dwoc n+1
s6 x1, *, ...,zn41 khong dong thoi bang khong sao cho ma tran z;A4; + 204y + -+ + i1 Anga

13 suy bién.

38



Gidi: Ky hiéu hang dau tién cda cdc ma tran Ay, As, ..., Apy1 laug,ug, ..., Upy1. Doug, ug, ..., Uys1 14 cdc véc
to n chiéu nén la hé phu thudc tuyén tinh, vi vay ton tai 1, X3, .. ., Tpt1 a0 cho T1u1 +ToUo+- + +Tpr1Unt1 = 0.
Khi dé6 x1A1 + 2245 +--- + .Z‘n+1An+1 suy bién do c6 hang 1 b§ng khéng.

Bai132 Trong mot ma tran vuodng thuce cho trirde tit cd cdc phan tir trir phan tir trén duong
chéo chinh. Chitng minh rang cé thé dat dwoc céc s6 0 hodc 1 vao céc 6 trong sao cho ma
tran 13 khong suy bién.

Gidi: Ky hiéu dinh thitc Ia D,,, va chitng minh quy nap theo n. n = 1: Hién nhién. Gid sit da thuc hién duogc céch
dién s6 cho D,,_1 # 0. L&y an, = = va khai trién D,, theo hang n ta dugc D,(z) = zD,_1 + B véi B khéng
phu thuéc x. Do Dy, (0) # Dy, (1) nén mét trong hai s6 Dy, (0), Dy, (1) khdc khéng (dpem).

Bai 133 Chirng minh rang véi moi ma tran A4 tity ¥ ton tai ma trén J sao cho céc phan t&
duong chéo ctia né bang +1 va moi phan t& con lai bang khong dé ma tran JA + I khong
suy bién.

Huéng dan: Xem bai trude.

Bai 134 C4 ma tran A nhur sau: moi cot cia né c¢é ding hai phan tir khic khong, trong dé
mot phan tir trén dudmg chéo chinh 16n hon 1 va phan tir kia bang 1. Nhir viy ma tran A
c6 suy bien hay khong.

Huéng dan: Tuong tu bai 129.

Bai 135 Cho ma tran vuong A4 sao cho A20% = 0. Chitrng minh rang ma tran E 4 A003 4 41004 4
--- + A2093 14 ma tran khd nghich.

Huéng dan: Chi ra E — A khd nghich. Sit dung (E — A)(E + A'™003 ... 4 A2003) — F A 4 A2003 3
(E— A+ A208)(E — A A2003) — (E _ A)2.

Bai 136 Trén mot hinh vuong ké 6 kich thudce 5 x 5, hai ddu thd ludn phién nhau dién céc s6
vao 6 con trong cia hinh vuong dé duwoc mot ma tran c& 5 x 5. Biét rang nguoi thir nhét
luon dién s6 0 con nguoi thit hai luén luon dién s6 1. Chimg minh rang véi moi cich dién
s6 cla ngudi thit hai ngudi thit nhat luén c¢é céch choi dé ma tran thu dwoc ¢ dinh thitc
bang khong.

Gidi: Nguoi thit nhat thuc hién cdch choi nhu sau: Pau tién dién s6 0 vao 6 thit nhat hang 1. Chia 4 6 con lai cda
hang 1 thanh 2 hinh chit nhat 1 x 2, Hang 2+ 3 chia thanh 5 hinh chit nhat 1 X 2 vdi canh c¢6 d6 dai 2 thing ditng.
Hang 4 + 5 chia tuong tu hang 2 + 3. Goi cdc hinh chit nhat 14 déminé. Sau dd, choi theo cdch: néu ngudi thit
hai dién vao mét 6 cia déminé thi ngudi thit nhat dién vao 6 con lai. Dé thay ngudi thit nhat thuc hién dugc cich
choi nhu vay. Sau khi dién hét 25 6, tong cdc s6 trong mot déminé 1a 1, nén téng cia hang 2 hang 3 14 (1,1,1,1,1)
va bing téng hang 4 hang 5, vdy dinh thitc bing khéng. (dpcm)

Bai 137 Trén mot hinh vudng ké 6 kich thudce 5 x 5, hai dau thu luan phién nhau dién mot
trong céc s6 1,2,3,4,5 vao 6 con trong ctia hinh vuéng dé duwroc mot ma tran ¢ 5 x 5. Ching
minh rang v&i moi cach dién s cia nguoi thir hai nguwoi thir nhat luén cé cach choi dé ma
tran thu duwgc cé dinh thitc bang khong.

Huéng dan: Tuong tir bai trén, ngudi thit nhat tim cdch dién sao cho tong céc s6 trong mét déminé bang 6.

Bai 138 Trén mot hinh chir nhat ké 6 kich thude 2003 x 2004, hai ddu thi luan phién nhau
dién céc s6 vao 6 con trong cia hinh vuong dé dwrgc mot ma tran c& 2003 x 2004. Biét rang
ngudi thit nhat luon dién mot trong céc s 2,4,...,2004 con ngudi thir hai luén luén dien
mot trong cic s6 1,3,...,2003. Chtrmg minh rang véi moi cidch dién s6 cia nguwdi thir nhat
nguoi thir choi luon c¢é céch choi dé ma tran thu duoc cé hang khong qué 1003.

Huéng dan: Tuong tu bai trén.

Bai 139 Cho A 14 ma tran vuong cip n, E 1a ma tran don vi cap n va (A+ E)™ = 0. Chimng
minh rang A kha nghich.
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Huéng dan: Chira A(CLE+ C2A+C3 A% +... 4+ CmA™ 1) = —F.

9. Hang clia ma tran

Bai 140 Trén duwong chéo clia ma tran c¢d n x n 13 cdc sO 0, con cic phan tir khac 13 1 hodc
1980. Chitng minh rang hang ctia ma tran nay 1a n — 1 hodic n.

Ap dung bai 125.

Bai 141 A la ma tran vuong cap n c¢6 hang ». Tinh hang ciia ma tran phu hop A* tity theo r.
Huéng dan: Néur =n thir(A*) =n

Néur <m—2thiA*=0. Nur =n—1thir(A*) =1

Bai 142 (id str A 1a ma tran cAp m x n c6 hang bang 1. Chirng minh rang ta luén tim dwroc
ma trdn B cidp m x 1 va ma tran C cip 1 x n sao cho A = BC.

Gidi: Gid st U 1a hang co sé cia A, khi d6 néu w; 13 hang thi i cia A thi tén tai \; d€ u; = \U. Ddt
B=M\A,. . )T valC =U.

Bai 143 Cho Moxn la khong glan cdc ma tran vuong cap n. Gid st N 1a mot khong glan con
clia My, ma cic phan tit cia N déu 1 cdc ma tran suy bién. SG chiéu 16n nhit cia khong

gian N ¢6 thé cé 1a bao nhiéu.
Bai 144 Cho A la ma tran vuong cip n sao cho 42 = E. Chtrng minh rang
hang(A + E) + hang(A - E) =n

Huéng dan: Coi A la ma trdn cia 4nh xa ¢ : E — E. Hay chi ra rdng Im(1 — ¢) = Ker(l + ¢) nén
r(A—E)+r(A+ E)=dimIm(l — ¢) + dim Im(1 + ¢) = dim Ker(1 + ¢) + dim Im(1 + ¢).

Bai 145 Ky hiéu r, 1a hang cia ma tran A. Chirng minh rang véi 4, B 13 cdc ma tran vuong
cap n thi
ra+rp —n<r(AB) < min{r(4),r(B)}

Huéng dan: Coi A, B la ma tran cida cdc 4nh xa p,% : E — E. Hay chi ra dim Ker(py) < dim Kery +
dim Kery nén r(AB) = n — dim Ker(¢v) > n — dim Kerp — dim Kery) = r(A) + r(B) — n. Hay chi ra
dim I'm(pvp) < dim I'mep, dim Im(py) < dim Imap nén r(AB) < min{r(A),r(B)}.

Bai 146 Cho P,Q, R 13 cdc ma tran vudng cap n chirng minh rang
hang(PQ) + hang(QR) < hangQ + hang(PQR)

Huéng dan: Coi P,Q, R 1a ma tran cda ba 4nh xa f,g,h : E — E. St dung dim Im(fgh) = dim Im(gh) —
dim[Im(gh)NKer f] va dim I'mg = dim Im(fg)+dim(Ker fNImg) ciung véi [Im(gh)NKerf] C (ImgnKerf.

Bai 147 a) Dang thirc r(AB) = r(BA) la diing hay sai? Gidi thich.

b) Chitrng minh rang néu A kha nghich thi r(4B) = r(B).
Trd 16i: Sai. Ching han ton tai AB =0 va BA#0
b) Chirar(AB) < r(B), dp dung ciing cé6 (A1 AB) < r(AB).

Bai 148 a) Cho ma tran A vuodng c6 cip 2004 va r(A) = 1002. Ching minh rang cé thé thay
doi 1002 phan tir trong ma tran A dé A trd thanh ma tran khong suy bién.

b) Chttrng minh rang néu thay déi m phan tir trong A v&i m < 1002 thi ma tran thu dwoc 1a
ma tran suy bién.
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Huéng dan: Ky hiéu cdc cot cia A 1a ¢;. Lay 1002 cot co sé cda A, gid sit 1a ¢q,ca, ..., Co00s. Khi d6 ta chon
duge 1002 véc to uy,us, . . . , U002 trong co s chinh tic cia R2°%* sao cho {c1,¢2,...C1002, U1, Uz, . .., U002} 1A
¢é s6 cia R*® va B 1a ma tran cda hé dé. Goi Ay 14 ma tran cé cdc cot c¢1,Ca,...,C1002,C1003 + U1, C1003 +
U, ..., C2004 + Utp02. Ta cédet Ay = det B # 0 va Ay thu dugc tir A bang cdch thay déi 1002 phan tit.

10. Ma tran nghich ddo, lily thira clia ma tran, déng thirc clla ma tran, ma tran dong dang

1 -2 1
Bai 149 Tinh A véiA=| -1 1 0
-2 0 1

Huéng dan: Pt B=A—E, (A= E + B), tacé B> =0, nén A1 = F + C},B + C%,,B%.
Bai 150 Gid sir A 1a ma tran vuong va A* = 0. Chtrng minh rang

(E-A) '=E+A+A%+... 4 AL
Huéng dan: Nhan E — A véi vé phai.

Bai 151 Cho ma tran vuong cap k+1 dang A = (E’“ u ), trong d6 Ei, E; twong tng la céac

0O E

ma tran dom vi cap k, I. Tim A~

Gidi: Do A=YA = E, va A~! nhan cét don vi thit j, j < k cho ta cot thit j cia A™! nén k cét diu cia A™1 1a cot

don vi. Tuong tu, A.LA~' = E va hang don vi thit i,7 > k nhan véi A~! cho ta hang thit i ciia A~' nén | hang
E

cudi ciia A™' 13 hang don vi. Vay A~! = ( BV ) Suy ra:

0 E
~ E. U\(E V E. 0 E. U+V E. 0
1 k k _ k k _ k
44 _E‘:’<o El><0 El>_<0 El>‘i’<0 B >_(o El>
U4V =0V =-U VayA-l= (v U
0 E

Bai 152 Tim ma tran nghich ddo cuia

1 1 1 1 . 1
1 € g2 g3 gn1
A= ! 82 62 82 Eiin_g o day e = cos 2—7T + ¢ sin 2_7r
1 ¢ € € gnr n n
i 5n;1 52(’;’1) 53(7;71) 5(n;1)2
Huéng dan: Lap hé véi vé phéi 14 x1, T, ..., Ty tit d6 tinh cét thit k cia ma tran nghich ddo. C6 thé quy hé
phuong trinh vé bai todn ndi suy cia da thic.
Dép sé:
1 1 1 1 e 1
1 g1 g2 g3 . gD
o, 11 g2 g4 g6 I )
AT = nl1 g3 g6 e ... g3
1 g~(n=1) =2(n-1) _=3(n-1)  —=(n-1)°

Bai 153 Gid sttr A vA B 13 cdc ma tran vuong cip n va ma tran A kha nghich. Liéu c6 hay
khong c6 dang thitc AB — BA = A.
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Huéng dan: Phan chitng: néu cé ding thitc thi B— A"'BA = E, Do da thitc dic trung cia B va A'BA 13 nhu
nhau nén vetB = vet(A~BA). Suy ra ding thitc khong xdy ra.

Bai 154 Cho A la ma tran c6 dang

aq 1 0 0 0
o) o 1 ... 0 O
Qas 0O 0 ... 0 O
A= . .. .
oap—1 0 0 ... 0 1
Qay, 0O 0 ... 0 O
Hay tim it nhat mot véc to = dé hé véc to {z, Az, A%z, ..., An~1z} doc lap tuyén tinh. Chimng
minh rang, néu ma tran A dong dang véi ma tran duomg chéo véi cac s6 B, Ba, ..., B, trén
dwong chéo thi cic s6 61, Bs, ...,0, doi mot khac nhau.
Huéng dan: Chonx = (0,0,...,0,1). Tiép theo néu {ay,as, ..., a,} la co sé gdm céc véc to riéng: Aa; = [;a;, va
gid stt ¥ = X101 +T2a2+" - +Tpap, tacé Alz = z18ia1+x265a2+ - Bl an. Do M+ Azt AN\, A"l =
0thid; = Ay = ... = A\, = 0. Suy ra hé véi cdc phirong trinh \1x; +Xofix;+- -+ X280 1 =0, i =1,2,...,n
¢6 nghiém duy nhdt A1 = Ag = ... =\, = 0 nén ta ¢ két qua.

Bai 155 Tim tat cd cdc ma tran thuc M cap n c¢6 tat cd cdc phan tir khong am va ton tai
~ . ~ ’ ~ ’ S ~ A

ma tran nghich ddo M~ cing c6 tat cd cdc phan tir khong am.

Huéng dan: Céc dong cot cda A, A~ ¢6 it nhat mot phian tir duong, vi néu khong thidet A = 0 hay ladet A=1 = 0.
Céc dong, cot cda A, A™! chi ¢6 ding mot phiin tit duong. Néu trdi lai, ching han c¢6t j cia A ¢ hai phin ti duong
& cdc hang 11,42 : a;,; > 0,a;,; > 0. Do hang j cia A™! ¢6 it nhdt mot phan tir duong, ching han ag;l) > 0 thi
cot thit k cia tich AA™! = E ¢6 hai phan ti¢ duong. Nhu vay mébi hang cot cia A chi ¢6 duy nhat mot phin ti
duong.

Pio lai: Néu mébi hang cot cda A chi ¢6 duy nh&t mét phén tir duong thi bing bién déi so cap ta chi ra dugc A™!
c6 céc phan tit khéng am.

Bai 156 Gid sir A 14 mot ma tran vuéng khong suy bién, moi dong chi ¢6 mot sé khac 0 va
bang +1 hoéc —1. Chiirng minh rang véi mot s6 twr nhién k& nao dé ta cé AF = A7,

Huéng dan: Vi A khéng suy bién nén trén mét cét cia A chi cé6 duy nhat mét phan tir khéc 0, theo gid thiét ta cé
AA' = E hay A 1a ma tran truc giao. Goi M 1a tap tit cd cdc ma tran truc giao ma méi dong chi ¢6 mét phan tir

khdc 0 (la £1). Ta thdy A™ € M, n =1,2,3,.... Viy ton tai m,p nguyén duong p > 2 sao cho A™1P = A™,
Do A khd nghich nén AP = FE datk =p—1tacé AF = A~1 = AT
100

2 1 0
Bai1s7 Tinh {0 1 0

0 0 2
Huéng dan: Pat B = A
2100E + (2100 _ 1)B

— 2E, ta ¢6 B> = —B, sit dung nhi thitc Niuton ta dugc A% = (2E + B)!% =

Bai 158 Tim lim | lim l(AME)} v(ﬁA_(l£ z>7 E_<1 0>.

z—0 Ln—oco 1 0 1

. 2 .
A cosp sing . s . T n_ n( CcOSNP sinng
Gidi: A_a(—singo cos<p) véia = 1+n2, <,0—au1rcsm—_mz_Fn2 = A a <—sinn<p cosmp)

1
e O(E> = sinz + o(1),

X .
—_— = Sln ( —— +
‘/.Z'2+TL2> («/n2+a:2

Khin — oo thi a” — 1, sinnp = sin (n arcsin

cosny = cosx + o(1). Bdi vay
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lim (A" — B) <cosa?—1 sinz )
n—»o0 —sinx cosxz —1

Vay lim | lim E(A”fE)} - ( 0 1).

z—0 Ln—oo I -1 0

Bai 159 Chirng minh rang véi bat ki s6 tw nhién n, ta tim duwoc mot ma tran A4 sao cho

1 2 3 ... 1976
0 1 2 1975
A=10 0 1 1974
0o 0 o0 ... 1
Huéng dan: Xét ma tran A cé dang
1 al as ... Q1975
0 1 al ... Q1974
0o 0 o0 ... 1

*) _0vsii> i a® —1 g% = &) (i
i =0véii>j, ;" =1, 0, —a()(J_Z)

véi § > i, sao cho a®) (s) = kas + fsx(ay,az,...,as_1) & day fsx 1a mot biéu thitc chita a1, ag, ..., as. Bdivay
hé 1975 phuong trinh kas + fsi(a1,a9,...,a5-1) = s+ 1, s=1,2,...,1975 luén ¢ nghiém va ta xdc dinh
duoc A, sao cho A* 1a ma tran da cho.

(

Chitng minh quy nap theo k ring ma tran A* = (a;)) c6 céc phan tir a

Bai 160 Cho ma tran A khong suy bién ¢& n x n. Liéu doi véi ma tran X bat ki ¢ n xn ¢
thé tim dwoc hay khong mot ma tran Y ¢& n x n thoa man hé thitc.

X=AYA'-A"'vA
Huéng dan: Chua chdc. Do vet(U + V) = vetU + vetV va vét ciia hai ma tran dong dang bing nhau nén VF cé
vét bdng 0. Ding thic khéng diing néu vetX khac khéng .
Bai 161 Chitrng minh rang khong ton tai cidc ma tran A va B sao cho AB — BA=E.
Huéng dan: Khéng xdy ra do VT cé vét bang khéng va VF cé vét bing n # 0.
Bai 162 Chitng minh ring néu ma tran vuéng A cip n c¢é cdc phan tir trén duong chéo chinh
bang 0 thi né cé thé biéu dién dwéi dang A = BC — CB véi B, C 1a cdc ma tran vuong cap n.
. ai;

Huéng dan: Chon B = (b;j), C = (ci;), trong d6 véi i # j, bjj = ¢;j = —2=,b;; = 0, ¢;; = i. Chi § BC-CB=A

J—1
14 mét hé 2n? an va n? phuong trinh nén ta cé thé thém n? diéu kién thich hop hodc chon gid tri cho an tu do.
Bai 163 Gid st X va B, la cdc ma tran thuc ¢& n x n. Theo quy nap ching ta dinh nghia
day ma trdn B; = B;_1 X — XB;_;. Chitrng minh rang néu X = B,> thi X =0.

Gidi: Khéng gian cdc ma tran vudng cip m c6 s6 chiéu la n® nén hé By, Bi,..., B2 phu thuéc tuyén tinh:
MBo + M MBi + -+ X2B,2 = 0. Dit \; 1a hé s6 dau tién khdc 0, tir ding thitc chuyén vé ta thu duoc
Bi = mBit1+ - +Vm2_iBp2. Do Biy1 = B X — XB; = 1Bit2 + - + Yn2_iBnt1, va tuong tu Biyp =
Y1Bitht1 + 4+ VYn2_iBn2in. Nhung X = B2 nén B2y = B2 X — XB,2 = X? — X2 = 0, dan dén
B2y ; =0, Vj=1,2,.... Suyra B> =y Bp2yq + - +Yp2_;Bop2_; =0 hay X = B,» = 0.

Bai 164 Gid sit A va B 1a hai ma tran c¢d n xn va ma trdn C = AB — BA 1a ma tran giao hoan
duwoc véi cd A va B. Chitng minh rdng mot liy thira ndo dé cia ¢ bang 0.

Hudng dan: Khoéng gian cdc ma tran vuéng cap n ¢é s6 chiéu lan? nén hé E, B, B?. .., B" phu thudc tuyén tinh,
do dé ton tai cdc s6 ag, ay, ..., s 1, (8 <n)saochoagE + a1 B+ -+ as 1Bt + B =0 hay Ps(B) = 0.
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Hay chiing minh quy nap ring: AB* — B¥A = kB*~1C. Béi vay AP,(B) — P,(B)A = CP.(B) = 0. Tiép tuc:
ACP!(B) — CP.,(B)A=C?P!(B) =0, . . ., sau ciing ta thu dugc s!C* = 0 tizc 14 C* = 0.

Bai 165 Gid st A 14 ma trdn c¢& n x n, chitng minh rang ton tai ma trdn B c¢& n x n ma
ABA=A.

Huéng dan: Coi A Ia ma tran cida énh xa ¢ : E — E. Gid stt {v1,ve,...,v%} 1 mét co sé cida Kerp, khi dé
ta c6 thé b6 xung dé dugc {v1,va,...,v,} 1a co sé cia E. Suy ra ugy1,...,U, véi u; = @(v;), i > k 1a co s
cia I'mep. B6 xung dé duge {uy,us,...,u,} 1 co sé cia E. Xét 4nh xa tuyén tinh ¢ : E — E xdc dinh béi

¥(u;) = v;. Goi B la ma tran cia ¢. Dé thdy @y = ¢ nén ABA = A.

Bai 166 Gid sit A 1a4 ma trdn c& n x n ¢6 hang . Tim s6 nghiém doc lap tuyén tinh cia
phuwong trinh AX =0 véi X la ma tran co n x n.

Pdp s6: n(n —r).

Bai 167 Gid st 4, B l1a cdc ma tran vuong cap n.

a) Chirng minh rang AB va BA c6 ciing mot tap hop céc gid tri riéng.

b) Liéu AB va BA c¢6 chung mot da thice ddc trung hay khong.

Hl(fénf dan: a) Gid st A Ia gid tri riéng cda AB va (AB)x = Az. Piat y = Bz ta ¢6 (BA)y = B(ABz) =
B(A\x) = \y.

b) Chua chéc, ching han ldy A = (; 2) , B= (i g) Chi y néu A hodc B khé nghich thi AB va BA dong

dang.

Bai 168 Cho A, B 1 cdc ma tran vuong cip n, E 1a ma tran don vi cap n. Chitng minh rang
néu E — AB kha nghich thi E — BA kha nghich.

Huéng dan: St dung bai truée. Néu det(E — BA) =0 thi A =1 la gid tri riéng cia BA.
Bai 169 (id st 4 1a ma tran phitc c6 A" = E. Chirng minh rang A chéo héa duoc .

Bai 170 Gid sit A, B 1a hai ma tran vuong thuwc cap n sao cho AB — BA 1a ma tran ¢ hang

bang 1. Chttng minh rang tim dwoc cidc ma tran phitc C sao cho cdc ma tran CAC~! va

CBC~! c¢6 dang tam giac.

Bai 171 Tim diéu kién dé ma tran cé cdc phan tir 1 s6 nguyén ciing cé ma tran nghich dao

c6 cdc phan tir la s6 nguyeén.

Gidi: Néu A va A1 ¢6 cdc phin tir nguyén thi det A va det A~! nguyén, ma det A.det A~! = 1 nén det A I3 uéc

cia 1, suy ra | det A| = 1.

Déo lai: néu |det A| = 1 thi dé thdy det A~* = oL+ A* = (det A)A* la ma tran c6 cdc phin ti nguyén.

Bai 172 Gid st A va S 13 cdc ma tran cd n x n ma tat cd cdc phan tir cia chiing 1a nguyén,

va det S #0, det A=1. Ky hiéu B = §714S. Chirng minh rang v4i mdt s6 tu nhién m nao dé
~ ’ W \ ’ ~ A~

tat cd cdc phan tir ciua B™ la cdc s nguyeén.

Hudng dan: Néu |det S| = 1, thi S=! ¢6 cdc phin tit nguyén nén chi cin chon m = 1.

Néu |det S| = p > 1. Véi ma tran X = (x;;) c6 phan tit nguyén tuy y ta dit X, = (a:g))) vOi a:g?) la s6

du khi chia x;; cho p. Téap hop cdc ma tran dang X, bao gom p"2 ma tran phan biét nén ton tai m,my dé
Apn = A$1+m nhu viay A™ (A™ — E) ¢6 cdc phin ti chia hét cho p. Do det A = 1 nén A~! ¢6 cdc phin

1
tir nguyén, bdi viy A™ — E = A"™[A™(A™ — E)| c¢6 cdc phan tit chia hét cho p. Do S~ = 25" va
p

B™ -E=81'A™-E)S=5" {%(Am — E)} S nén B™ c6 cdc phan tit nguyén.
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Bai 173 Ching minh rang ma tran A = (CCL d

be)E = 0.

) thda man phuwong trinh X2 — (a+d)X + (ad —

Huéng dan: Chi can thit truc tiép.

Bai 174 Gid st A 13 ma trdn vuodng cip 2 va k > 2 14 s6 tu nhién. Chitng minh ring néu
Ak =0 thl 4% =0.

Hudng dan: Ap dung bai truée va det A = 0, ta c6 A¥ = (a +d)* 1A, A% = (a+ d)A, nén thu dugc két luan.

Bai 175 Cho A = (8 I;), vGi a,b,c 1a cdc s6 thue. Hay tim tat cd céc gid tri cia a,b,c sao

cho ton tai n e N dé A" = E.

an

Huéng dan: Chira A = ( 0

;ﬁl)néna:il,c:il
Néu (a,¢) = +1 thn_(ﬂ)n((l) j;b> _(ﬂ)n((l) i{“’) nén b=0 va A — +E

Néu (a,c) = +(1,—1) thi A2 = E, Vb.

Bai 176 Gid stk A" — (f é) — (a(n)). Chitng minh ring ton tai giéi han cda hé thic
@2(M) 5 tinh giéi han nay khi n — co.
CLQQ(’II)
Bai 177 Gia sur
1 1 1
flx)=| 3—2 5-32% 32®>-1
202 —1 32°—-1 728-1

Chirng minh rang ton tai mot s6 ¢, (0 < ¢ < 1), sao cho f/(¢) = 0.
Huéng dan: Do f(0) = f(1) = 0 (dinh thitc ¢6 hai hang t{ 18), 4p dung dinh Iy Rén.

Bai 178 Tim gidi han

i1 1\"
0 1 1 (n=1,2,3,...)
0 0 +
11 £ 00 011
Huéng dén: TéachA= |0 3 1 |=(0 & 0]|+[0 0 1|=B+C
00 % 00 % 000

Ta c6 BC = CB va C3® =0. Nhr vay A" = B" + CLB"1C + C2B"2C? ta thu dugc két qua.

Bai 179 Gid st a, 8,7 1a nghiém cia phwong trinh z® + pz + ¢ = 0. Tinh dinh thitc

™= R
=2 0™
QW=

Huéng dan: Gia tri dinh thitc 1a: (o + B+ 7)(a? + 8% +~2 —af — By — ya) = 0.
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Bai 180 Gid sir ma tran A cap n c¢6 dang

a 1 0 0 O
0 a 1 0 0
0 0 a 0 0
A=1. . . . Do
0 0 0 ... a 1
0O 0 0 ... 0 a

Tim tong cdc phan tit cia dong dau ma tran A™ véi m < n.
Hudéng dan: Tuong tu bai 175.

Bai 181 Chittng minh rang néu A4, B 13 hai ma tran déi xitng thda man
det(I — AA)det(I — uB) =det(I — AA —uB), V A\ pu

thi AB =0.

Hudng dan: Véipu # 0 du 16n thi ton tai (I—pB) ™. Nhu vay tir gia thiét ta cé det(I—\A) = det(I-AA—puB)(I—
uB)™t = det[I —ANA—-AuAB(I—pB)™Y]. Suyra A va A—pAB(I—uB)~! dong dang (do déi xitng nén ciing chéo
héa dugc va cé ciing cdc gid tririéng). Lay M dé A = M~ [A—pAB(I—-uB) )M = A—M " [uAB(I-uB)~ 1M
suy ra M~ uAB(I — uB)"'|M =0 = AB=0.

Bai 182 Cho M,, 1a tap hop tat cd cidc ma tran vuong thuce cap n. Véi ma tran A vudng cap

n ta goi vetA 1a )" a;;. Chiing minh rang néu vet(AX) =0, VX € M, thi A=o.

=1
Huéng dan: Gid st A = (a;5). Goi E;; 1a ma tran cé phin tir thudc cot ¢ hang j cd gid tri la 1, cdc phin ti khdc
bang khéng. Khi dé vet(AE;;) = a;j, suy ra két qud.
Bai 183 Ky hiéu I 13 tap hop tat cd cidc ma tran vuong c& n x n, n > 2 sao cho moi ma tran
trong I chi c6 mot phan tir 13 1 cdc phan ti con lai 13 0. Bién doi tap I nhu sau: 1dy ra
ngau nhién hai ma tran A, B thudc I va thay ching bang ma tran 34 — 2B hoac 3B — 24 va
ti€p tuc nhu vay cho dén khi I chi con mot ma tran X. Chitng minh rang
a) X #0 b) X # E.

Huéng dan: Chi ra rang téng cic phan tir cia cic ma tran thuéc I Iuén Iuén bang 1.

Bai 183 Ky hiéu I 1a tap hop tat cd cdc ma tran vuong cip 2004 sao cho moi ma tran trong I
c6 cac hang 13 hodn vi nao dé cia hang (1,-1,1,—1,...,1,—1) . Bién doi tap I nhw sau: lay
ra ngau nhién hai ma tran A4, B thuoc I va thay ching bang ma tran 34 — B hodc 2B — 4 va
ti€p tuc nhu vay cho dén khi I chi con mot ma tran X. Tinh det X

Huéng dan: Chi ra rdng téng cdc phan tit cia méi hang trong cdc ma tran thuéc I luén luén bang 0. det X = 0.

Bai 184 Trong khong gian Msys cho ma tran A = ; _41) Tinh hang cia hé véc to
{A, A% A3 ... A% Huéng dan: Chira A2 —5A+6E =0

Pép s6: 7 = 2.

Bai 185 Trong khong gian Msyo cho ma tran A = <; _41> Hay biéu dién A2004 qua A, E.

Huéng dan: Xem bai trude.
Bai 186 Trong khong gian cdc ham s6 lién tuc cho I = {sinz, sin2z, sin3z,...}. Chitng minh
rang khi d6 moi hé con gom hiru han phan tir cia I 1a hé doc 1ap tuyén tinh.
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Huéng dan: Xét I, = {sinz,sin2z,...,sinnx} la tdp con cda I. Chitng minh I,, déc lap tuyén tinh bing quy
nap va stt dung dao ham hai vé dong nhat thitc:
Arsinx + Agsin2x + .-+ A, sinnz =0
Do moi tap con hitu han cda I déu thuéc mét tap I,, nao dé nén ta cé két luan.
Bai 187 Trong khong gian cdc ham s6 lién tuc cho I = {cosz, cos2z, cos3z,...}. Ching minh
rang khi d6 moi hé con gom hiru han phan tir cia I 14 hé doc lap tuyén tinh.
Xem bai trudc
Bai 188 Trong khong gian tuyén tinh E,dim E > 10 cho hé véc to I ¢6 10 phan tir. Chimg minh

rang néu véi moi véc to u thude I déu cé hai véc to khéac 1a v,w thude I dé u = lu + pw thi
hang cia I khong qué 6. Hay lay vi du ma I ¢6 hang la 6.

Bai 189 Trong khong gian véc to E, dim E > 20 cho hé véc to I gom 20 phan tir ¢6 hai tinh
chat:

1) Moi hé con gom ba véc to cida I déu doc lap tuyén tinh

2) Moi b phan gom ba véc to cla I déu cé thé bo xung thém hai véc to trong I dé dwoc
hé phu thuodc tuyén tinh.

Chitrng minh rang r(I) < 7.

Bai 190 Tim diéu kién cia n dé hé sau doc lap tuyén tinh

1) 1, sinz, cosz, sin2337 cos’z,..., sin"x, cos"x

2z, cos?z,..., sin"x, cos"z

2) sinz, cosz, sin
Dépss: 1) n=1,2)n<3.

Bai 191 Trong khong gian R™ cho tap I bao gom tat cd cac véc to u = (z1,zs,...,2,) sa0 cho =
c6 gid tri 14 0 hodc 1. Chitng minh rang moi hé con gom 27! +1 véc to cia I ¢6 hang 13 n.
Hudng dan: Goi e; Ia véc to thit i trong co s chinh tic ciia R™. Chia I thanh 2"~ c¢gp phin tir ¢6 dang {v,v+e;}.
Khi d6 néu M 14 tap con gom 2”1 + 1 phin tit cia I, thi phi ¢6 it nh&t mot cip trong s6 271 cip trén thudc
M, néne; € L(M), i=1,2,...,n. Suyra L(M) =R" hay r(M) = n.

Bai 192 C6 bao nhiéu ma tran truc giao cAp n ma cic phan tir cia né 1a s6 nguyén.

Huéng dan: Goi A la mét ma tran truc giao cé cdc phan tit nguyén. Hang i cia A la hang don vi nén c6 it nhat
mét phan tir khdc khong va phan ti d6 duy nhét, dat 1a a;,(;). Chi ra diéu kién can va dii dé A truc giao 1a o Ia
phép thé cap n va |a;p(;y| = 1. C6 2" ma tran tryc giao ting véi phép thé o nén cé tat ci 2"n! ma tran.

Bai 193 Trong khong gian R™ cho hé véc to I = {u1,us, ..., uses}. Biét rang véii # j tiy ¥ luon
tim dwgc k dé ug = 3u; — 2u;. Ching minh rang

U = U2 =+ = U2004

Huéng dan: Pt M = max ||u;||, m = min ||u;||. Néu M > m thi véi hai phin tt u;, u; ma M = |lu;]|,m = [Ju,]|
ta 6 ||ug|| = ||3u; — 2u;| > M. Mau thudn ching té m = M hay 1a ||u;|| = ||u;||, Vi # j. Tiép theo 1dy i # j
tuy y, do ||u1|| = ||’U,j|| = HSUZ - 2’11,]” nén u; = u;.

Bai 194 Chirng minh rang trong nam véc to bat ky cia khong gian Euclide bao gid ciing chon
duwoc hai véc to c6 chiéu dai cia tong khong vuot qua chieu dai cda tong ba véc to con lai.

Hudng dan: Goi cac véc to duogc cho la ay,as, a3, a4, as. Dit u 1a téng cda ching va u; = a1 + as + as, Us =
az +az +aq, ...,us = as+ay +as. Tacé [uf — (u—u1)?] + -+ [u — (u—us)?] = u? > 0. Vay mot trong
cdc s6 hang cia téng khéng am, ta cé két qua.

47



Bai 195 Chiéu dai cia tong n véc to don vi khong nhd hon 1. Chirng minh rang cé thé sip
cac véc to theo trinh tw vy, v, ..., v, dé thoa man déng thirc:

lor +va+- 4wl >1, k=1,2,...,n

Huéng dan: Quy nap theo n. Goi cdc véc to dé la uyi,us,...,u, va téng cia ching 1a u. Véin > 1 téng
[(w—u1)? —ud] + [(u—u2)? —ud] 4+ + [(u—up)? —u2] = (n — 2)u? > 0 nén trong téng c6 it nhat mot s6
hang khéng am. Gid st (u — u;)? — u? > 0, chon v, = u; thi |lu — vy|| > [Jva] = 1.

Bai 196 Tong chieu dai clla mot s6 véc to trén mat phing bang ». Chirng minh rang cé thé
chon mot s6 trong cac véc to nay sao cho tong cia chiing c¢é chieu dai khéng nhé hon 1.
Bai 197 Gid stt n > 3 va n véc to don Vi z1, za, ..., z, trong khong gian Euclide c¢6 tinh chat
sau: trong bat ky 3 véc to nao clda hé bao givr ciing tim ra dwge mot ciap true giao. Chitng
minh rang

|z + 22+ -+ || < ond

Bai 198 Trong 2004 véc to cho truée cé cac véc to khong cong tuyén. Biét rang tong clia 2003
véc to bat ky cong tuyén véi véc to con lai. Chirng minh rang tong 2004 véc to nay bang 6.
Huéng dan: Goi u la téng cia chiing. Theo gid thiét u cling phuong véi moi véc to thudc hé. Suy ra u = 0.

Bai 199 Trong khong gian ba chiéu cho trude 10 vée to ay, ag, ..., a10 M [a;|| <1, Vi=1,2,...,10
va |lay 4+ ag 4 - + a1l > 7. Hai ddu thu lan lwot 18y di tirng vée to cho dén ldc con lai hai
véc to . Chitng minh rang nguwdi dau tién cé thé choi dé chieu dai cia tong hai véc to con
lai khong nho hon 1.

S

Huéng dan: Pat s = ay +as + -+ + ap, n = m, a; =< a;,n >. Suyraa; < 1Vi=12,...,10 va
s

a1 +as+ -+ a1g =< s,n >= ||s|| > 7. Khong mat tinh téng qudt, gid st oy < ag < ... < ajg. Ta thdy
as + ag > 1 vinéu trdi lai do a; + as < az + ay < as + ag < 1 nén

(a1+a2)+(a3+a4)+(a5+a6)+a7+ag+ag+a10<3+4:7

diéu nay trdi véi gid thiét.

Nhu véy ngudi thit nhat chi can tim cdch loai di a1, a2, a3, a4 va luén thuc hién dugc yéu cdu nay. Goia;,aj, 1,7 > 4
14 hai véc to con lai. Khi d6 ||a; + aj|| > a; +a; > a5 +ag > 1.

Bai 200 Chitrng minh rang c6 thé sip n véc to don vi trong khong gian ba chieu theo thit tu
v1, va,..., v, A6 thda man bat dang thirc

lor = vall + [[va = ws|| + -+ [[vn—1 — val| < 8V

Bai 201 Gid sir A 1a ma tran doi xttng cd nxn v4i cdc phan tir dwong, = = (z1, s, ..., 2,) 12 véc
to riéng tmg véi gid tri rieng 16n nhat. Chitng minh rang zi,z,...,z, khc 0 va cing dau.

Bai 202 Chtirng minh rang dinh thitc ciia ma tran thiwe phan déi xirng khong 13 s6 am.
Huéng dan: Hay chi ra ring cdc gid tri riéng cia ma tran chi c6 thé Ia 0 hodc +i(.

Bai 203 Chitng minh rang néu $ 13 ma tran phan d6i xtng thi I + S 1a ma tran khong suy
bién.

Huéng dan: Giéng bai trudec.

Bai 204 Gid st A;, i =1,2,...,N la cidc ma tran doi xing cdp n ma A;A; = 0 vGi i # j. Ching
minh rang r(A;) 4+ r(Az) + - + r(Ay) < n.
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Huéng dan: Pat r(A;) =r;, ro=r(A1 + As + -+ An). Gid stt A = 0 la nghiém béi k; cda da thitc ddc trung
Py, (N), tacé ki =n —r; (do A; chéo héa dugc ). Ta cé:

Pa, (AN Pay(A) ... Pay () = det[(A; — AI)(As — AI)...(Ay — A)]

=det{(=D)N AN (A + Ao+ -+ Axn) = AVI]} = (=1)"V=DXN=D det(A; + Ay +- - -+ Ay — )
D6i chiéu s6 béi cia nghiém A =0 & hai vé tacé: (n—r1) +(n—r2)+---+(n—ry) =n(N —1)+n —rg suy
rary+ro+---+ry=r9g < n.
Bai 205 Cho F 1a ma tran domn vi 4, B, C 1a cdc ma tran vudéng cuing cap véi E. Cho biét trong
cac dang thitc BAC = E, ACB=E, CAB=E, BCA=E, CBA = E dang thitc ndo xdy ra hay
khong xdy ra cliing dang thitc ABC = E.
bép s6: CAB=FE, BCA=F.
Bai 206 Cho ma tran vuong A = (p;;) CAp p+¢ sao cho p;; =0 véi 1 <i,j <p va vdip+1<i,j <
p+q. Chtrng minh rang néu A 1 gi4 tri riéng cia né thi —\ ciing 1a gia tri riéng cia né.
Hudng dan: Chira Pa(—)\) = (—1)PT9P4()\) bing cdch doi ddu p hang dau va q cot cudi. Vay Pa(A\) = 0 thi
Pa(—A) = 0.

Bai 206 Cho A 13 ma tran ddéi xitng thirc xdc dinh dwong. Chirng minh rang vetA.vetA=! > n2.

13. Hé phuong trinh tuyén tinh

Bai 207 Hai sinh vién lan lwot thay cic dau * trong hé phuwong trinh sau bang cac so:

T+ kY + xz = *

T+ kY + xz = *
{m—i—*y—i—*z:*

Chitng minh rang ngurdi dien dau tién luon cé cach dién sé sao cho hé thu dwroc cudi cliing
la hé khong twong thich.

Loi gidi: Ki hiéu 9 s6 cin dién 1a a2, as2, as2, a13, a3, a33, b1, ba, bg. Ngudi choi thit nhat choi nhu sau: Nudc
di diu tién dién gid tri by va 8 ché tréng con lai thi chia thanh bén cap (ai2,a13), (ag2,as2), (a3, ass), (ba,bs)
va sau d6 néu ngudi thit hai chon gid tri cho moét hé s6 trong mot cdp thi ngudi thit nhat chon luén gid tri cho
hé 56 con lai va ta thady nguoi thit nhat thic hién dugc cdch choi nhue vay. Chi cin ngudi thit nhat dién dé
Q22 = G32, A23 = a3z, by 7é b3 thi hé thu duoc la hé khéng tuong thich.

Bai 207 Vi gid tri ndo cda céc tham s6 hé phwong trinh

r=by+cz+du+ev
y=cz+du+ev+azx
z=du+ev+ax+by
u=ev+ax+ by +cz
v=ax+by+cz+du

c6 nghiém khong tam thuong

Huéng dan: Xét dinh thitc cia ma tran hé s6. Néu cé > 2 trong b sé a, b, ¢, d, e bing —1 thi dinh thitc cé hai cét giéng
nhau nén bing 0. Néu c6 mét s6 ching hana = —1vab, ¢,d, e # —1 thi dinh thitc la:—(b+1)(c+1)(d+1)(e+1) # 0
(loai). Néu a,b,c,d, e # —1 thi dinh thitc la

1 1 1 1 1
Db+ 1)(e+1)(d+1)(e+1 [47 — _ _ _ }
@+ Db+ 1)etrDd+De+1) a+1 b+1 c+1 d+1 e+1
tir dé ta suy ra diéu kién .
2¢1 — 3z +x3=1
Bai 208 Gidi h¢ phuong trinh {272~ 3% 74 =2
229002 — 322003 + T2004 = 2002
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Hudng dan: Hé thuin nhdt tuong tng c6 hai nghiém co ban cé dang: (1,a,a?,...,a?°%) véia =1, a = 2.

Nghiém riéng cda hé khoéng thudn nhat la: (z1,2a,...,Ta004) VOi Tf = —5(]62 — 5k).

0.21 + a12z2 + @133 + - -+ + a2003,1T2003 = 0
Bai 209 Gidi hé phuwong trinh a1%1 + 0.3 + azas + - + a2,2003%2003 = 0

(2003,171 + A2003,2T2 + @2003,323 + - - - + 0.22003 = 0
trong dé vai i # j ta cd a;; = 1 hodc a;; = 2004.

Huéng dan: Hay chi ra rdng dinh thitc cda ma tran hé s6 khong chia hét cho 2003 (Xem bai 127 )nén c6 gig tri khéc
0. Hé chi c6 nghiém tam thudng duy nhat.

1+ X9+ X3+ T4 T, =1

Ty + 220 + 223 + 2T + - -+ + 22, = 27
1+ 2x9 + 3x3 + 3x4 + - - - + 32, = 32
$1+21‘2+31‘3+41’4+-“+41‘n:42

1 + 2xo + 3x3 + 4xy + - - - + nxy, = N2

Bai 210 Giai hé phuwong trinh

Huéng dan: Stt dung phuong phip Gauss.

1+ o0+ 34+ T4+ x,=1

1 + 2229 + 22253 + 2224 + - - - + 222, = 24
1 + 2229 + 3223 + 3224 + - - - + 3%z, = 3*
xy + 2229 4 3223 + 4224 + - - - + 422, = 44

1 + 2229 + 3225 + 4224 + - - + 0?2, = n*

Bai 211 Giai hé phuwong trinh

Huéng dan: St dung phuong phip Gauss.

14. Da thic
’ . v e cn , 1 ,.
Bai 212 Chitrng minh rang véi cdc nghiém z,z, cia da thitc z2 + pz + 557 VOipe R, p#0, ta
p
c6 bat dang thirc 24 + x4 > 2+ V2.

Bai 213 Tim tat ca céc cip s6 thuc p,¢ sao cho da thitc z* + pz? + ¢ ¢ bon nghiém 1ap thanh
cap so cong.

Bai 214 Chitng minh rang néu cic nghiém cia da thitc 22 + pz + 1 14 « va 8, con cdc nghiém
cia da thitc 22 + gz + 1 13 v va d, thi ta c6 dang thitc

(a=7)(B=(a+d)(B+d) =q*—p’

Bai 215 Chitng minh rang vé&i gid tri khdc 0 tlly ¥ «,8 cdc nghiém z,,z,,z3 clia da thitc
az® — az® + Bz + B thoa man dang thirc

1 1 1
(w1 +x2+x3)(—+—+—) =-1
I ) I3

Huéng dan: St dung dinh Iy Viét.

Bai 216 Hay tim tat cd cac gid tri cla a, dé cdc nghiém z,, .,z cla da thitc 23 — 622 + az + a
thoa man dang thirc
(21 —3)%+ (22— 3)* + (23— 3)* =0

Huéng dan: St dung dinh Iy Viét.
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Bai 217 Gia st mot trong cc nghiém cia da thitc P(z) = 2® + az? + bz + ¢, V6i a,b € Z bang tich
hai cda hai nghiém kia. Chiing minh rang s6 2P(—1) chia hét cho s6 P(1)+ P(—1) —2(1+ P(0)).
Huéng dan: St dung dinh Iy Viét va phan tich P(x) thanh nhan ti.

Bai 218 Gid sit a,b 13 hai trong bén nghiém cia da thitc z* + 23 — 1. Chitng minh rang ab 1a
nghiém cua da thirc 26 + z* + 2% — 22 — 1.

Bai 219 Cho céc s6 nguyén a,b, ¢ biét rang a > 0, con da thitc az? + bz + ¢ ¢6 hai nghiém khéc
nhau trén (0,1). Chitng minh rang « > 5. Tim it nhat mot cap s6 b,c dé a = 5.

Bai 220 Céc s0 a,b,c 14 ba trong bon nghiém cia da thitc 2* — az® — bz 4+ ¢. Hay tim tat cd céic
bo s0 a,b,c nhu vay.

Bai 221 Chitng minh rang cdc sd phitc a,b thda man diéu kién a* = 2b # 0 khi va chi khi céc
nghiém cia da thitc 22 + az + b tao trén mit phang phirc hai dinh clia mot tam gidc vuong
can c¢6 dinh géc vuong tai goc toa do.

Bai 222 Da thitc P(z) = 2" + a2 ' + - + an_12 + 1 v&i cde hé s6 khong am ay,as,...,a,_1 COn
nghiém thirc. Chirng minh rang P(2) > 37.

Huéng dan: Céc nghiém cia P(x) déu 4m va st dung bat ding thitc Cési.

Bai 223 Da thitc az™ — az" ! + ca2" 2 + -+ - + ¢p_92? — n%bx + b ¢6 ding n nghiém dwong. Ching
minh rang tat cd cic nghiém nay bang nhau.

Hudng dan: St dung dinh ly Viét va bat ding thitc Cési.

Bai 224 Céc da thitc 2° — 2 — 1 v 22 + az + b, v6i a,b € Q, c6 thé c6 nghiém s6 phitc chung hay
khong?

Bai 225 V&i da thitc P(z) bac n ndo dé va véi cic a < b ndo dé thda man bat dang thirc

P(a) <0, —P'(a) <0, P"(a) <0,...,(—=1)"P™(a) <0
>0, .

P(b) >0, P'(b) P"(b) z(;, ., PMb) > 0.

Chirng minh rang tit ca céc nghiém thuc cia da thitc P(z) déu thudc khodng (a,b).

Huéng dan: St dung khai trién Taylo tai © = a, © = b dé chi ra P(z) khéng déi ddu khi x & (a,b).
2

Bai 226 Chirng minh rang véi gid tri tity ¥ n € N*, da thitc P(z) =1+ 2z + % +- 4 % khong

thé c6é nhiéu hon mot nghiém thurc.
Huéng dan: Xét ddu cia P(x) bing céch khdo sdt ham s6.

Bai 227 Chirng minh rang da thitc bac n P(z) véi cic hé s6 thue, khong cé nghiém thuc, thi
da thitc Q(z) = P(z) + aP'(z) + --- + o®P™(z), vGi gid tri tuy ¥ o € R cung khong ¢é nghiém
thue.

Bai 228 Chirng minh rang véi da thire tiy v P(z) c6 bac n > 1, ¢é nghiém khac nhau zy, z,, ..., 2,

ta c6 dang thitc
. L0
P'(zy)  P'(x2) Plzn)

Bai 229 Gid st P(z) 1a da thitc véi hé s6 thuce, cb tat cd cdc nghiém déu 1a s6 do. Chitng
minh rang tat cd cidc nghiém cia da thitc P'(z), trir mot nghiém , cing déu 1a s6 2o.

Bai 230 Chitng minh rang céc da thitc khic khong P va @ véi céc hé s6 phitc, ¢é cac nghiém
giéng nhau (cting s boi) khi va chi khi ham s6 f(z) = |P(z)| — |Q(z)| c6 dau khong doi tai cic
diém z € C, ma & dé f(z2) #0.
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Bai 231 Chitng minh rang véi moi gid tri n € N*, da thitc (z + 1)2°+! + 2+2 chia hét cho da
thitc 22 +z + 1.

Bai 232 Chitng minh rang v&i moi gid tri n € N vA o € R thoa man diéu kién n # 1 va sina # 0,
da thitc P(z) = 2"sina — zsina + sin(n — 1)a chia hét cho da thitc Q(z) = 22 — 2z cosa + 1.

Bai 233 Tim tit cd cic da thitc R(z) bac bé hon 4 ma véi moi da thire da thitc Ay ton tai da
thitc P(z) thda man dong nhat thirc

7sin® t+8sin'3 t—5sin® t cos? t—10sin” t+5sin® t—1 = P(sint)sin® t— (14sint)(cos®> t—2)+R(sint), t € R

Bai 234 Tim tat ca céc cap s6 m,n € N dé da thitc 1+ 2" + 22" + .-+ 2™ chia hét cho da thitc
l+z+22+- +am.

Bai 235 Gid str da thitc P(z),Q(x), R(x) va S(z) thda man dong nhat thitc
P(z%) + 2Q(2°) + 2°R(2°) = (1 + = + 2 + 2® + 2*)S(x)

Chirng minh rang da thitc P(z) chia hét cho da thirc z — 1.

Bai 236 Tim tit cd cdc da thitc P(z) thda man diéu kién P(0) = 0 va dong nhét thitc P(z) =
SIP@+ 1)+ P@-1)], zeR

Hudng dan: Chi ra ring da thic Q(x) = P(z) — P(1)x = 0 vi ¢6 v6 s6 nghiém.

Bai 237 Tim tat cd cic da thitc P(z) thoa man dong nhit thic: zP(z—1) = (z —2)P(z), ze€R
Huéng dan: Chi ra ring P(z) = (2% — 2)Q(z) va Q(0) = Q(—1) = Q(-2) = ... = const.

Bai 238 Tim tat cad cic da thitc P(z) théa man dong nhat thirc
(z—1)Pz+1)—(z+2)P(x)=0, z€R

Hudéng dan: Xem bai trén.
Bai 239 Tim tat ca cdc da thirc khdc khong P(z) thda man dong nhat thitc P(2?) = [P(z)]?, = €
R.
n
Huéng dan: Sit dung P(z) = a H(m —ag) vachiraa=1, a =0.
k=1

Bai 240 Tim tdt cd cdc da thic khic khong P(z) thda man dong nhat thic P(z? — 2z) =
[P(z —2)]?, =z € R Huéng din: Dty = x — 1 quy vé bai trén.

Bai 241 Tim tat cd cdc da thitc khdc khong P(z) véi hé s6 thue, thda man dong nhat thirc
P(z)P(22%) = P(22® + ), z€R

Huéng dan: Chi ra tat cd céc nghiém cia P(x) cé6 mé dun bang 1.
Dép s6: P(z) = (2 + 1)*.

Bai 242 Chirng minh rang véi moi da thitc P(z) # = vA s6 n € N tly ¥, da thitc Q.(z) =
P(P(...P(z)...)) —z (n lan) chia hét cho Q,(z) = P(z) — .

Huéng dan: Quy nap.

Bai 243 Chirng minh rang néu céc da thitc bac ba P(z), Q(z), R(z) véi cic hé s6 thue thda man
bat dang thitc P(z) < Q(z) < R(z) v6i moi gid tri = € R va tai it nhat mot diém z, c R thda
man dang thitc P(zo) = R(x) thi véi s6 k € [0,1] ndo dé ta cé dong nhat thirc

Q(z)=kP(z)+ (1 —k)R(z), z€R
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Khang dinh trén con ding véi da thitc bac 4?

Bai 244 Cho da thitc P(z) = az® + bz + ¢ v6i a # 0. Chitng minh rang véi s6 n € N tlily ¥ khong
ton tai nhiéu hon mot da thite Q(z) bac n, théa man dong nhat thitc.

Bai 245 Chitng minh rang da thitc P(z) 13 ham s6 chan cla z € C khi va chi khi ton tai da
thitc Q(z) théa man dong nhat thirc P(z) = Q(2)Q(—z2), zeC

k
Huéng dan: St dung phan tich P(z H x — a;)™ va quy nap.

Bai 246 Chitng minh rang néu da thitc P(z) v6i hé s thure chi nhéan gid tri khong Am véi moi
z € R, thi ¢6 thé bidu dién dwoc dudi dang

P(z) = Qi(z) + Q3(z) + - + Qi (z)

V6l Q1(z), Q2(2),...,Qn(x) 12 cic da thitc v4i hé so thuc.
k h
Huéng dan: St dung phan tich P(z) = a H(x — ;) H[(w — Ozj)z + ,sz] va quy nap.
i=1 j=1

Bai 247 Gid st da thitc P(z) véi hé s6 thuc théa man bat dang thirc P(z) > 0 véi moi z > 0.
Chitng minh rang ton tai cdc da thitc Q(z) va R(z) vGi cdc hé s6 khong &m thda man dong

nhét thitc P(z) = gg;

k h
Huéng dan: Sit dung phan tich P(x) = H T —aq; H T — Ozj ] va biéu dién cédc thira s6 bac 2 khéng 4m
i=1 j=1

theo yéu cau cia dau bai .

Bai 248 Gid st A(n) la cdc da thitc ¢6 dang P(z) = ag + a1z + -+ + apz” vGi 0 < ag = a, <
a1 = ap-1 < ... < [z = Qpapy- Chtrng minh rang néu P(z) € A(n) va Q(z) € A(m) thi ta ¢
P(z)Q(z) € A(m +n)

Bai 249 Vi gid tri ndo cda n € N ton tai cdc da thirc khdc khong P va Q cia n bién s6 véi
cac hé s6 nguyén, thda man dong nhit thirc

(x1 +x2+ -+ xp)P(x1,22,...,Tpn) = (ac%,x%,...,xi), T1,T2,...,Tn €R

Bai 250 Gia sur véi cdce da thire P(z), Q(x) bac 16m hon khong, ky hiéu, ky hiéu P. = {z € C| P(z) =
¢}, Q.={z€C Q(z) =c}. Chitng minh rang néu Py = Qy v& P, = Q; thi P(z) = Q(z), = €R

Bai 251 Chirng minh rang néu céc da thitc P(z,y), Q(z,y), R(z,y) bac bé hon m € N théa man
dong nhat thirc
2" P(z,y) + y*"Q(x,y) = (z +y)*"R(z,y), =,y €R

thi P(z,y) = Q(z,y) = R(z,y) = 0.
Bai 252 V&i nhitng rang budc nao cua céc s6 nguyeén p va ¢
a) Da thitc P(z) = 22 + pz + ¢ nhan cic gid tri chan (18) véi moi z € Z.

b) Pa thitc Q(z) = 2* + pz + ¢ nhan gié tri chia hét cho 3 véi moi = € Z.
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Béi.253 Qhung minh rang da thic P(z) = @m +52 T £ 5+ %x3 + 2—5m nhan gid tri nguyén
VOl mol x € Z.

Bai 254 Tim tat cd cac gid tri z € Z A€ da thitc 222 — z — 36 nhan gid tri 1a binh phuong cia
c4c sO nguyeén to.

Bai 255 Vi cdc s6 cho trude p,q € R hay tim tat cd céc gid tri ma da thitc P(z) = 22 + pz +¢
nhan duogc véi z € [-1,1].

Bai 256 Da thitc P(z) v&i hé s6 nguyén nhan gid tri 2 véi bén gid tri khac nhau cia = € Z.
Chitng minh rang v&i moi z € Z da thitc ndy khong thé nhan céc gid tri 1,3,5,7,9.

Bai 257 Hay tim mot tap hop M gom 7 sO tu nhlen lién tlep sao cho ton tai da thitc bac nam
P(z) v6i cac tinh chat sau: a) Tat ca cac hé s6 P(z) déu nguyén ;

b) Véi 5 86 k € M, trir s6 bé nhit va s6 16n nhédt ta c6 dang thitc P(k) = k ¢) P(k) = 0 véi
mot s6 ke M.

Bai 258 a) Chitng mih rang khong ton tai da thitc P(z) dé v&i moi z € R c6 cac bat dang thitc:
1) P'(z) > P"(x) va 2) P(z) > P"(x).

b) Khang dinh a) con ding khong néu thay bat dang thitc 1) bang bat dang thirc 17)
P(z) > P'(x)?

Bai 259 Gid str cho trudc cic da thitc Py(z), Pi(z ) Pn(x) c')'i cac hé s6 thuc va cic so
1,as,...,an € R. Chitng minh rang néu ham s6 f(z )+ Z“k|Pk )| 1a don tri, thi tap
hop tat cd cdc gia tri cla né 1a R

Bai 260 Gid st {a,} 1& day s6 (Fibonaci), xac dinh bang cdc dang thitc a1 = as = 1,a,40 =

ns1 + an(n € N). Chitng minh rang néu da thitc P(z) bac 990 thda man dieu kién P(k) = ax
Vo1 k=992,...,1982 thi P(1983) = a1gss — 1.

Bai 261 Chitrng minh rang

a) V&i moi n € N ton tai da thitc P,(z) bac n véi cic hé s6 nguyén thda man ding thirc
2cosnt = P,(cos2t), t€ R.

7. . ~ v . /. A~ ’ ~ 1 \ ~ A
b) Vi moi a € Q s6 cosar hodc trung véi mot trong céc so 0, +3, %1, hoc 1a 50 vo t

Bai 262 Gid st trén mat phang toa do cho duwdomg cong, 1a d6 thi cia da thitc P(z) = 2 + pad +
qz? +rz+ s (p,g,r,s € R. Mot mit phang trén duomg thang Ay dwoc goi 14 nam ngang néu
né song song vé&i truc hoanh va cit dwomg cong tai bon diém A, B,C, D (tinh tir trdi sang
phai). Ngoai ra néu do dai cidc doan thang AB, AC, AD c6 thé lay lam do dai cdc canh mot
tam gidc ndo d6 thi dwong thang nhw viy con dwoc goi 1a tam gidc dac.

Chitrng minh rang chi c6 thé xay ra hai tru‘ong hop: hoac tit cd cdc duong thing nam
ngang la tam gidc dac hofic tat cd cdc duong 4y khong phai 13 tam gidc dac.

Bai 263 Gid st Q(z) 1a da thitc khdc khong. Chtmg minh rang véi moéi n € z*+ da thitc
P(z) = (x —1)"Q(z) ¢6 khong it hon n + 1 hé s6 khac khong.

Bai 264 Gid st M 13 tap hop tat cd cdc da thirc ¢ dang P(z) = az® = ba? + cz +d (a,b,¢c,d € R)
thda man bat dang thitc |P(z)| <1 véi z € [-1,1]. Chitng minh rdng c¢6 s6 k thoa man bat
dang thitc |a| < k v6i tat cd cac da thitc P(z) € M. Tim gid tri bé nhat cia k.

54



Bai 265 Gid st P,Q 1a cdc s6 tw nhién tiy . Chirng minh rang ton tai da thitc P(z) véi céce

hé s6 nguyén, sao cho tat cd cdc gid tri trong khodng I ¢ R ¢6 do dai = thda man bit dang
q

thitc |P(x) - pg| < =

q_z.

Bai 266 Tim tat cd cic da thitc P(z) va Q(z) cb bac ba v&i cdc hé s6 thire thda man bon diéu
kién :

a) C4 hai da thitc nhan gi4 tri 0 hodc 1 tai cdc diem = =1,2,3,4

b) Néu P(1 -—OMﬁcP@)=1ﬂﬁQu)=Q@):1

¢) Néu P(2) =0 hodc P(4) =0 thl Q(2) = Q(4) =0

d) Néu P(3 -_1h0w:P()_1thiQﬂ):

Bai 267 Da thitc P(z) bac n thda man cdc dang thirc P(k) = kLH véik=0,1,...n. Tim P(n+1).

Bai 268 Da thitc P(z) bac n thda man cdc dang thitc P(k) =

véik=0,1,...n. Tim P(n+1).
n+1

Bai 269 Gid sit cho trudc cdc s6 nguyén zo < z; < ... < z,. chitmg minh rang gitra cdc gid tri

cua da thitc 2" + agz™ ' +- - - +a, tai cdc diém zg,z1,...,z, ludn tim duwoc mot s6 ma mo6 dun
N , !

cia né khong bé hon g—n

Bai 270 Da thitc P(z) c6 bac khong 1én hon 2n. Biét rdng moi s6 nguyén k € [—n,n] déu thda

man bat dang thitc |P(z)| < 1. Chitng minh rang véi moi s6 z € [-n,n] ta c6 bat dang thitc
|P(z)] < 22"
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